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Abstract 

The irreversibilities originating from finite-time and finite-size constraints are important in the real thermal system 
optimization. Since classical thermodynamic analysis based on thermodynamic equilibrium do not consider these constraints 
directly, it is necessary to consider the energy transfer between the system and its surroundings in the rate form. Finite-time 
thermodynamics provides a fundamental starting point for the optimization of real thermal systems including the fundamental 
concepts of heat transfer and fluid mechanics to classical thermodynamics. In this study, optimization studies of thermal 
systems, that consider various objective functions, based on finite-time thermodynamics and thermoeconomics are reviewed. 
© 2004 Elsevier Ltd. All rights reserved. 
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1. Introduction 

In 1824, Carnot [1] proposed a cycle operating on 
reversibility principles. In classical thermodynamics, then, 
the efficiency of a reversible Carnot cycle became the upper 
bound of thermal efficiency for heat engines that work 
between the same temperature limits. This equally applies to 
the coefficient of performance of refrigeration cycles and 
heat pumps that execute a reversed Carnot cycle. When T H 
and T l denote the temperatures of hot and cold thermal 
reservoirs, thermal efficiency of Carnot cycle for heat 
engines and the coefficient of performance for refrigerators 
and heat pumps are expressed tj c = 1 — r L /r H , COP ref c = 
TJ(T h - TO and COP hpC = T H /(T H - T L ), respectively. 

Since all processes are reversible and executed in quasi¬ 
steady fashion in a Carnot cycle, thermal efficiency and 
coefficients of performance mentioned above can only be 
approached by infinitely slow processes. Therefore, duration 
of the processes will be infinitely long hence it is not 
possible to obtain a certain amount of power W from a heat 
engine or of heating load Q H from a heat pump and cooling 
load Q l from a refrigerator with heat exchangers having 
finite heat-transfer areas, i.e. W = 0, <2h = 0 and Q L = 0 
for 0 < A < oo, respectively. If we require certain amount 
of power output in a heat engine, heating load in a heat 
pump or cooling load in a refrigerator executing an ideal 
Carnot cycle, the necessary heat exchanger area would be 
infinitely large, i.e. A —► oo for W > 0. Q H > 0 and Q L > 0, 
respectively. 

Thus, the Carnot thermal efficiency and coefficients of 
performance do not have great significance and are poor 
guides to the performances of real heat engines, heat pumps 
and refrigerators. In practice, all thermodynamic processes 
take place in finite-size devices in finite-time, therefore, it is 
impossible to meet thermodynamic equilibrium and hence 
irreversibility conditions between the system and the 
surroundings. For this reason, the reversible Carnot cycle 
cannot be considered as a comparison standard for practical 
heat engines from the view of output rate (power output for a 
heat engine, cooling load for a refrigerator and heating load 
for a heat pump) on size perspective, although it gives an 
upper bound for thermal efficiency. 

In order to obtain a certain amount of power with finite- 
size devices, Chambadal [2,3], Novikov [4,5] (Novikov’s 
analysis was reprinted in some engineering textbooks [6,7]) 
and Curzon-Ahlborn [8] extended the reversible Carnot 
cycle to an endoreversible Carnot cycle by taking the 
irreversibility of finite-time heat transfer into account and 


investigated the maximum power (mp) conditions. They 
obtained the efficiency of an endoreversible Carnot heat 
engine at maximum power output. Curzon-Ahlborn [8] 
claimed that “this result has the interesting property that it 
serves as quite an accurate guide to the best observed 
performance of real heat engines”. However, it should be 
noted that this expression is valid for the heat engines to be 
designed regarding the maximum power output objective. 
The proper optimization criteria to be chosen for the 
optimum design of the heat engines may differ depending on 
their purposes and working conditions. For example, for 
power plants, in which fuel consumption is the main 
concern, the maximum thermal efficiency criterion is very 
important whereas for aerospace vehicles and naval ships, 
for which propulsion is of great importance, the maximum 
power output criterion is significant. On the other hand, for 
ship propulsion systems, both fuel consumption and thrust 
gain may be equally important, therefore, in such a case both 
the maximum power and the maximum thermal efficiency 
criteria have to be considered in the design. Additionally, 
size reduction, economical and ecological objectives are 
considered as other important criteria in the design of real 
heat engines. In this perspective, many optimization studies 
for heat engines based on the endoreversible and irreversible 
models have been carried out in literature by considering 
essentially finite-time and finite-size constraints for various 
heat-transfer modes. 

As a common result of these studies, it can be concluded 
that the optimal thermal efficiency i 7 opt and optimal power 
lV opt for various objectives considering different criteria 
must be positioned between maximum power and the 
reversible Carnot heat engine conditions, i.e. Tj mp £ 7] oft < 
tj c and W m ax £ lV opt > Wq = 0 where Tj mp is the thermal 
efficiency at maximum power IT max . It must be noted that 
the Carnot efficiency and the efficiency at maximum power 
constitute the upper and lower bounds of the thermal 
efficiency for a given class of heat engines, respectively. It 
can also be concluded that the efficiency of the reversible 
Carnot heat engine cycle is the upper limit for the thermal 
efficiencies of all heat engines whereas the maximized 
power output of the endoreversible Carnot heat engine is the 
maximum power limit. 

Identifying the performance limits of thermal 
systems and optimizing thermodynamic processes and 
cycles including finite-time, finite-rate and finite-size 
constraints, which were called as finite-time thermodyn¬ 
amics (FTT), endoreversible thermodynamics, entropy 
generation minimization (EGM) or thermodynamic 








A. Durmayaz et al. / Progress in Energy and Combustion Science 30 (2004) 175-217 


177 


Nomenclature 

T 

TJT h 

a 

A 

weight coefficient 
area (m 2 ) 

n 

T2 

£ 

Twi^Th 

t l /t ci 

unit conductance cost for heat exchangers 

b 

U H A H IUA, thermal conductance allocation 
parameter; weight coefficient 



C 

thermal capacitance or thermal conductance 

Subscripts 


(W/K); cost 



E 

ecological optimization function 

A 

absorber 

f 

relative fuel cost parameter 

avg 

average 

F 

view factor 

c 

convective 

8 

economical market conductance 

C 

Carnot; cold; condenser 

G 

&/& 

cas. max 

maximum for cascaded cycle 

h 

heat-transfer coefficient (W/m 2 K) 

c-c 

convective heat transfer-convective heat trans¬ 

i 

internal irreversibility parameter 


fer 

k 

alb, ratio of weight coefficients 

cy 

cycle 

in 

mass (kg) 

CNCA 

Chambadal - Novikov - Curzon - Ahlborn 

n 

an exponent related to heat-transfer mode 

d 

density in power density concept 

N 

goods flow rate (1/s) 

e 

energy consumption 

P 

price 

ecn 

economy 

P 

pressure (Pa); profit 

eq 

equivalent 

q 

Q/A, specific cooling or heating load (W/m 2 ) 

f 

flame 

Q 

heat transfer (J) 

g 

generation 

Q 

heat-transfer rate, cooling or heating load (W) 

gas 

gas 

r 

b/a 

H 

related to high temperature reservoir 

R 

cycle internal irreversibility parameter; ideal 

hp 

heat pump 


gas constant (J/kg K) 

i 

investment 

s,S 

entropy (J/kg K), (J/K) 

irr 

irreversible 

t 

time (s) 

1 

leakage 

T 

temperature (K) 

L 

related to low temperature reservoir 

U 

overall heat-transfer coefficient (W/m 2 K) 

max 

maximum 

V 

volume (m 3 ); economic reservoir 

me 

at maximum ecological function conditions 

VN 

price flow rate 

mef 

at maximum efficiency conditions 

w 

W/m, specific work (J/kg) 

min 

minimum 

W 

work (J) 

mp 

at maximum power conditions 

w 

W/A, specific power (W/m 2 ) 

mpd 

at maximum power density conditions 

W 

power (W); tax flow rate; revenue rate 

opt 

optimum 



r 

radiative 



r-c 

radiative heat transfer-convective heat transfer 

Greek letters 

ref 

refrigerator 



rev 

reversible 

a 

general heat-transfer coefficient; absorption 
coefficient 

r-r 

R 

T 

radiative heat transfer-radiative heat transfer 

(i 

external irreversibility parameter 

regenerator 

total 

X 

7\v/7h 

th 

thermal 

£ 

emittance coefficient (%); effectiveness of heat 
exchangers (%) 

V 

W 

at constant volume 

warm 

V 

y 

thermal efficiency (%); tax rate 

constant to consider the total time spent in 

isentropic processes 

0 

1-8 

surroundings 

end points for the processes 

r 

total cost of conductance 



CO 

W/C, economic objective function 

Superscripts 

$ 

dimensionless heat-transfer rate 



4> 

r c /r w 

n 

non-zero integer 

a 

Stefan-Boltzmann constant, (= 5.669 X 10 8 
W/m 2 K 4 ) 


rate 




178 


A. Durmayaz et al. / Progress in Energy and Combustion Science 30 (2004) 175-217 


Abbreviations 

FTT 

finite-time thermodynamics 



FMTD 

logarithmic mean temperature difference 

COP 

coefficient of performance 

MHD 

magnetohydrodynamic 

EGM 

entropy generation minimization 




modelling and optimization in physics and engineering 
literature, have been the subject of many books including 
Bejan [9], Andresen [10], Sieniutycz and Salamon [11], De 
Vos [12], Bejan [13], Bejan et al. [14], Bejan and Mamut 
[15], Wu et al. [16], Berry et al. [17], Radcenco [18], and in 
many review articles including Sieniutycz and Shiner [19], 
Bejan [20], Chen et al. [21] and Hoffmann et al. [22], This 
subject has also been included in some classical thermo¬ 
dynamics textbooks such as, El-Wakil [7], Bejan [23], Van 
Wylen et al. [24] and Winterbone [25]. 

In this study, the publications in literature on the 
perspective of FTT and thermoeconomics theories for the 
optimization of heat engines, heat pumps and refrigerators 
based on a variety of objective functions from late 1950s to 
present are reviewed by using a tutorial style of writing. 


2. Optimization of endoreversible and irreversible 
Carnot heat engines 

The studies on the fundamentals of FTT analysis and 
some applications to the optimization of endoreversible and 
irreversible Carnot heat engines which cover different 
performance criteria will be reviewed in this section. 

2.1. Optimization based on maximum power criterion 


Novikov’s model [4,5] of an irreversible Carnot heat 
engine is also shown in Fig. 1 however, with(l-2-3-4 ilT -l) 
cycle and a constant temperature heat source at T H . The 
external irreversibility is due to the finite-temperature 
difference between the heat source temperature of T n and 
the working fluid temperature of T w . The internal irreversi¬ 
bility in the expansion process of 3-4 irr is also considered. 
Novikov accounted for the internal irreversibility with the 
parameter i and expressed the heat rejected to the ambient as 

Ql ~ (1 + i )<2L,rev > (3) 

where 


£4 J! 

The rest of the heat engine is considered to operate 
reversibly. Novikov derived the optimum working fluid 
temperature at hot side as 

7\v,opt = V(1 + O^hTl (5) 

and the corresponding thermal efficiency at maximum power 
as 


^7mp 


= 1 - 


(1 + 0T L 


(6) 


The studies on the optimization of endoreversible and 
irreversible Carnot heat engines based on maximum power 
criterion together with the effects of heat-transfer laws, 
design parameters, internal irreversibilities and heat leakage 
are reviewed in the following sections. 


When the expansion process is executed reversibly 
(i = 0), Chambadal’s result given by Eqs. (1) and (2) can 
be recovered. 

Curzon and Ahlbom [8] rediscovered the ChambadaTs 
efficiency formula given in Eq. (2) [2,3]. They extended the 
ChambadaTs work taking into account of the cold side 


2.1.1. Fundamentals of power optimization 

Chambadal and Novikov derived independently that the 
hot end temperature of a power plant could be optimized to 
maximize the power output. ChambadaTs model [2,3] of an 
externally irreversible Carnot heat engine can be shown in 
Fig. 1 with (1 —2—3—4—1) cycle and a constant temperature 
heat source at T H . In his model, there is only one 
optimization parameter which is r w . It can easily be 
expressed that the power output may be maximized when 

Tw.opt = s/ThT l . (1) 

which corresponds to the thermal efficiency at maximum 
power of 




Fig. 1. ChambadaTs and Novikov’s heat-engine model. 
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Fig. 2. Endoreversible Carnot heat-engine model. 


external irreversibility between the temperatures 
of working fluid and heat sink as well as the hot side 
external irreversibility. The Carnot heat engine with 
external irreversibilities described in their work can be 
shown in Fig. 2. 

In their work, they assumed that finite-time heat fluxes 
between heat reservoirs and the working fluid are pro¬ 
portional to their temperature difference where the overall 
heat-transfer coefficients are the proportionality constants. 
The assumed proportionality between convective heat- 
transfer rate and temperature difference may be called as 
‘linear heat-transfer law’ which is sometimes referred to as 
‘Newton’s law of cooling’. Time required to complete the 
cycle is defined as the total time spent in isothermal 
processes weighted by a constant, y, to consider the total 
time spent in isentropic processes. The power output of the 
cycle is expressed as an objective function where the 
optimization parameters are the finite temperature differ¬ 
ences in the heat exchangers. They obtained the maximum 
power output of the cycle as 

_ u h a h u l a l (s/t^- V?D 2 

yiVU^+MAL) 2 ' U 

They deduced in their work that the thermal efficiency of 
a Carnot heat engine at maximum power with heat transfer 
irreversibilities does not depend on the heat-transfer 
coefficients. It depends only on the temperature of the heat 
reservoirs. They claimed that this result serves as a quite an 
accurate guide to the best observed performance of real heat 
engines. The thermal efficiency of cycle at maximum power 
output given in Eq. (2) may be called the Chambadal- 
Novikov-Curzon-Ahlborn efficiency or CNCA efficiency 
Vcnca as it was suggested by Bejan [20]. 

Andresen et al. [26] developed a general description for 
processes involving work and heat interaction in terms of 
rates for continuous processes or of cycle averages for 
periodic processes. The description was applied to heat 
engines having irreversibilities to determine their maximum 
power and maximum efficiency. Salamon et al. [27] 


developed an algorithm to construct potentials that define 
the extremal values of work for processes with arbitrary 
constraints. They proved an existence theorem for potentials 
of quasi-static processes and claimed that this theorem 
extends the capability of thermodynamics from reversible 
processes to one class of time-dependent processes. 
Gutkowicz-Krusin et al. [28] analyzed the power and 
efficiency of a Carnot heat engine subject to finite-rate heat 
transfer between the ideal gas working fluid and thermal 
reservoirs, and maximized the power output with respect to 
working fluid temperatures in the limit of large compression 
ratio. They generalized the result of their model to any heat 
engine operating between the same two thermal reservoirs. 
Considering different heat-transfer processes, they found 
that the bounds on the efficiencies at maximum power 
output depend on the rate process. 

Optimization of a class of cyclic heat engines with only 
external thermal resistance losses without assuming any 
specific power cycle were carried out in Rubin [29-31] for 
systems without and with volume constraints to find their 
optimal operating configuration for specific performance 
goals. Salamon et al. [32] considered the problem of 
minimum entropy production in an endoreversible Carnot 
heat engine and showed that for such engines, minimizing 
the total entropy production is equivalent to minimizing the 
loss of availability. Andresen and Gordon [33] derived 
optimal heating and cooling strategies for minimizing 
entropy generation for a common class of finite-time heat- 
transfer processes. Salamon and Nitzan [34] investigated the 
optimal operation of an endoreversible Carnot heat engine 
for different choices of the objective functions including 
maximum power, maximum efficiency, maximum effec¬ 
tiveness, minimum entropy production, minimum loss of 
availability and maximum profit. Rubin and Andresen [35] 
showed that endoreversible engines can be staged to form a 
two-stage cascaded endoreversible heat engine and that its 
optimization also yields the CNCA efficiency. The gener¬ 
alization of a Carnot heat engine with finite-rate heat 
transfer from finite-capacity heat source was presented 
theoretically together with numerical examples by Ondre- 
chen et al. [36]. 

Rebhan and Ahlbom [37] examined the influence of the 
relative variation of the heat addition and rejection times on 
the maximum power output and maximum efficiency. 

Wu [38] and Wu and Walker [39] have also considered 
an endoreversible Carnot heat engine. They assumed that 
the total cycle time consisted only the time required to 
complete the isothermal processes neglecting the time spent 
in isentropic processes. They considered power output as an 
objective function and maximum and minimum working 
fluid temperatures as optimization parameters. The power 
output of the cycle is 


W= K= Qh-Ql 

t C y t C y 


( 8 ) 
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where W is the work output of the cycle and 

Qn = ^ = U h A h (T h - r w ), (9) 

'H 


Ql = ^ = U l A l (T c - Tf j. (10) 

'l 

Neglecting the time spent in adiabatic branches, i.e. y = 
1, and by the aid of Figs. 2 and 3, the total time required to 
complete the cycle is 

f cy = ht + ? L + t\2 + f 34 ~ fit + fi.- (H) 


Substituting ? H and t L from Eqs. (9) and (10) into Eq. (8), 
the power output is written 


^ _ Qi tfit Ql(l 

fit + f L 


( 12 ) 


The working fluid temperatures T w and T c are defined as 
the optimization parameters. Maximizing \V with respect to 
TV and T c under the second law constraint yields 


Heat transfer rate 



(a) 


Heat transfer rate 



(b) 


Fig. 3. Operation of an endoreversible Carnot heat engine (a) with 
sequential processes (b) with simultaneous processes [43], 


the maximum power output for the operation of a Carnot 
heat engine with sequential (or reciprocating) processes 
given by Eq. (7) considering the time constant y = 1. The 
thermal efficiency at maximum power output, T 7 „ lp , given by 
Eq. (2) is also identically recovered from this analysis. 
Therefore, in their work, it is illustrated that 7j mp does not 
depend on either the overall heat-transfer coefficients or 
surface areas of the heat exchangers. 

Many other authors have done similar analysis of the 
endoreversible Carnot cycle and obtained CNCA efficiency 
given by Eq. (2), however, a different expression for W max 
was obtained in many of these studies [40,41]. Instead of 
Eq. (7), an alternative expression for W mllx is given as 


IV 

r r in 


u h a h u l a l 


(V7h - VTp 2 

UnA n + U l A l 


(13) 


for the maximum power output of the operation of a Carnot 
heat engine with simultaneous processes (used as the steady- 
state operation in literature). Eq. (13) gives a larger W max 
than that of Eq. (7). 

Bejan’s [42] steady-state approach yields the power 
output for steady-state operation of a heat engine with 
simultaneous processes as 

W=Q h -Q l . (14) 


In terms of power, the second law of thermodynamics 
can be written as 


Qh = Ql 
?w T c 


(15) 


which is used as a constraint in the power optimization 
process for the operation of a heat engine with simultaneous 
processes. Using this constraint, the power optimization 
may be carried out for just only one working fluid 
temperature, either T w or T c . In his study, Bejan considered 
a steady-state power plant model in which the irreversi¬ 
bilities are due to three sources: the hot-end heat exchanger, 
the cold-end heat exchanger and the heat leaking through the 
plant to the ambient. 

The sequential and steady-state operation approaches are 
compared in Wu et al.’s study [43]. It is shown that thermal 
efficiency at maximum power is the same for both types of 
engines. However, the power production in steady-state 
operation with simultaneous processes given by Eq. (14) is 
larger than that of operation with sequential processes given 
by Eq. (12). The source of discrepancy is shown in Fig. 3. In 
Wu’s approach the four processes of the Carnot cycle take 
place sequentially as in a reciprocating engine whereas in 
Bejan’s approach, the heat addition and heat rejection 
processes are assumed to take place simultaneously and are 
continuous in time as in a thermal power plant. (Note that 

Qi tfit = Qn^Jcy an d 2tA = 2L avE f cy)- 

Wu [44] considered a reversible Carnot cycle coupled to 
a heat source and heat sink having finite-heat capacity, 
shown in Fig. 4. In this study, an operation of a Carnot heat 
engine with sequential processes is adopted. The rate of heat 
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Fig. 4. Endoreversible Carnot heat-engine model with finite thermal 
capacity rates. 


transfer between the reservoirs and the working fluid is 
proportional to the logarithmic mean temperature differ¬ 
ences, LMTD h and LMTD l . The heat-transfer rates are 

Qh = — = i/ H A H (LMTD H ), (16) 

Ql = ^ = (7 l A l (LMTD l ), (17) 

'L 

where 


LMTD h = 


LMTD l = 


(T 5 - r w ) - (T 6 - r w ) 

r (T s - r w ) 1 ’ 

l (T 6 - r w ) J 

(7c - TV) - (Tfc - 7-g) 

[ r/ r y 7 ) l ■ 

H (r c - 7-g) J 


(18) 


(19) 


The power optimization of this heat engine is performed 
in the similar lines of an earlier paper of Wu [38], He 
provided a numerical example and as a conclusion he 
obtained a thermal efficiency which is smaller that of a 
reversible Carnot heat engine. 

Nulton et al. [45] examined a category of thermodyn¬ 
amic processes conducted over a finite interval of time and 
derived mathematical inequalities, relating the total cycle 
time and the net entropy change of the thermal reservoirs, to 
which such processes must conform. In their following 
work, Pathria et al. [46] focused on one of those inequalities 
which pertains to a cyclic process representing a heat engine 
or a refrigerator. They recast this inequality in terms of the 
more practical quantities, the power output and 
the degradation (which denotes the average rate at which 
the entropy of the universe increases during the cycle) 
associated with the process. They showed that the thermal 
efficiency of a heat engine and the temperature ratio of the 
working fluid can be written in terms of the slope of lines 


passing through the origin in the power output versus 
degradation plane. They also extended their work to include 
the influence of an external heat leak between the two 
thermal reservoirs. 

Gordon [47] analysed heat engines considering finite- 
rate heat transfer and finite-capacity thermal reservoirs. He 
showed that the efficiency at maximum power is not always 
simply a function of the thermal reservoir temperatures 
only, but rather can depend on other system variables such 
as reservoir capacity (in the case of finite-capacity thermal 
reservoirs) or working fluid specific heats (in the case of the 
Diesel and Atkinson cycles). He also explained that the 
Curzon-Ahlborn problem is a special case of one general 
class of problems restricted to Camot-like heat engines with 
linear irreversibilities in which losses and heat transfer are 
finite in time and linear in temperature differences. 

De Mey and De Vos [48] showed that some endor¬ 
eversible systems provided with linear thermal resistors 
have other efficiencies at maximum power output conditions 
than CNCA efficiency. Therefore, CNCA efficiency formula 
does not have a general validity as an optimum efficiency for 
endoreversible systems. 

Bejan [20,23,49] extended the heat-transfer principle of 
power maximization in power plants with heat-transfer 
irreversibilities to fluid flow and showed that power 
extracted from a flow can be maximized by selecting the 
optimal flow rate, or optimal pressure drops upstream and 
downstream of the actual work-producing device. He 
demonstrated the analogy between maximum power 
conditions for fluid (mechanical) power conversion versus 
thermal (thermomechanical) power conversion. Bejan and 
Errera [50] outlined the solution to the fundamental problem 
of how to extract maximum power from a hot single-phase 
stream when the total heat-transfer surface area is fixed. 
Vargas and Bejan [51] considered the fundamental problem 
of matching thermodynamically two streams, one hot and 
the other cold, with the presence of phase change along both 
streams and determined the optimum thermodynamic match 
by maximizing the power generation (or minimizing the 
entropy generation). They showed that the thermodynamic 
optimum is associated with a characteristic ratio between 
the flow rates of the two streams, and a way of dividing the 
total heat-transfer area between the two heat exchangers. 

2.1.2. Effect of heat-transfer law models on the optimal 
performance 

Many authors studied the performance of endoreversible 
cycles based on linear heat-transfer law and derived some 
significant results [8,30,52]. For example, the famous 
CNCA efficiency, which depends only on the temperature 
of the heat reservoirs, was obtained for two-heat-reservoir 
cycle at maximum power condition for each analysis. De 
Vos [40], Orlov [53], Gutkowicz-Krusin et al. [28] and Yan 
and Chen [54] studied the effect of heat-transfer law 
on the performance of endoreversible cycles. Castans 
[55], Jeter [56], De Vos and Pauwels [57] applied 















182 


A. Durmayaz et al. / Progress in Energy and Combustion Science 30 (2004) 175-217 


the Stefan-Boltzmann thermal radiation law to the 
performance analysis of solar energy conversion systems. 
In the application of the Stefan-Boltzmann thermal 
radiation law, the radiative heat-transfer rates from heat 
source and to heat sink, when they are assumed to have 
infinite heat capacity rates, can be expressed as 

2h = 7h - ?w) = ^W^W,r(?H “ ?w) 

= AhVt(Zh-Zw), (20) 

Ql = A c F cl ct(t£ - it) = AchcATt - l£) 

= A L h,JT? : - if), ( 21 ) 

where F WH and F CL are the view factors of emitter and 
collector when black body radiation is considered, a is the 
Stefan-Boltzman constant and /z Wr , h Hl , h C r and h Lr are 
the radiative heat-transfer coefficients. 

De Vos [40], Chen and Yan [58] and Gordon [59] 
discussed the effect of a class of heat-transfer laws given by 

Q = y- = cl(T1 - 75 ), ( 22 ) 

*cy 

on the performance of endoreversible cycles systematically 
(n is a non-zero integer and n — — 1 for linear-phenomen¬ 
ological heat-transfer law, n = 1 for linear heat-transfer law, 
n = 4 for the Stefan-Boltzmann thermal radiation law) 
where heat is transferred from thermal source/working fluid 
at temperature 7) to working fluid/thermal source at T 2 and 
a is a general heat-transfer coefficient. They revealed the 
dependence of performance on the heat-transfer law and the 
heat-transfer coefficient and derived a universal expression 
for different common heat-transfer laws and concluded that 
the value of maximum power depends on both the source 
temperatures and the heat-transfer coefficient. This con¬ 
clusion also applies to the efficiency at maximum power 
except for the linear heat-transfer law. 

Heat engines must be designed somewhere between the 
two limits of (1) maximum efficiency, which corresponds to 
Carnot efficiency or reversible operation, at zero power, and 
(2) maximum power point. Each of these limits implies a 
specific dependence of heat engine efficiency on the 
temperatures of the hot and cold reservoirs between which 
the heat engine operates. Gordon [59] analyzed the 
endoreversible cyclic heat engine problem for maximum 
power output operation when the functional form of the 
temperature dependence of heat transfer is a variable. He 
proved that the efficiency at maximum power output is in 
general dependent on the heat transfer and that a type of 
symmetry exists relative to the functional temperature 
dependence of linear heat conduction. He showed that the 
CNCA efficiency actually is not a fundamental upper limit 
on the efficiency of an endoreversible heat engine operating 
at maximum power output condition and further this upper 
limit depends on the heat-transfer mechanism. Gordon [60] 
illustrated that the optimal operating temperature for 


solar-driven heat engines and solar collectors is relatively 
insensitive to the engine design point. Gordon and Zarrni 
[61] also showed that certain systems in nature can be 
analyzed effectively as heat engines, such as the generation 
of the earth’s winds. They analyzed a wind heat engine 
model in which the earth’s atmosphere is viewed as the 
working fluid of a heat engine, solar radiation is the heat 
input, the energy in the earth’s winds is the work output and 
heat is rejected to the surrounding universe. By the aid of 
FTT, they determined the maximum average power as well 
as the average maximum and minimum temperatures of the 
working fluid and found a theoretical upper bound for 
annual average wind energy. 

Agnew et al. [62] optimized an endoreversible Carnot 
cycle with convective heat transfer following linear heat- 
transfer law for the case of maximum specific work output 
and reaffirmed the CNCA efficiency. They also investigated 
the dependency of the efficiency at maximum power on 
different modes of heat transfer. 

Erbay and Yavuz [63] performed an analysis of an 
endoreversible Carnot heat engine with the consideration of 
combined radiation and convection heat transfer between 
the working fluid and hot and cold heat reservoirs 

Qh = U h A h {T h - 7V) + A H ois n Ti ~ a H T%), (23) 

Ql = U l A l (T c ~ T h ) + A L cj(E L li - ajt), (24) 

where a H and a L are absorption coefficients and e H and s L 
are emittance coefficients for heat source and heat sink 
sides, respectively. They showed that the power output of 
the heat engine is strongly dependent on the temperature and 
emittance ratios of the heat reservoirs. 

Badescu [64] proposed a model of a space power 
station composed of an endoreversible Carnot heat engine 
driven by solar energy. He obtained the maximum power 
output and the optimum ratio between the solar collector 
and radiator areas. 

Sahin [65] carried out an analysis for a solar driven 
endoreversible Carnot heat engine to investigate the 
collective role of the radiation heat transfer from the high 
temperature reservoir and convection heat transfer to the 
low temperature reservoir and determined the limits of 
efficiency and power generation numerically. He concluded 
that the CNCA efficiency is not a fundamental upper limit 
on the efficiency of heat engines operating at mp conditions. 
This upper limit is a function of the temperatures of the 
working fluid and heat reservoirs, heat-transfer mechanisms 
and relevant system parameters. With the definition of an 
external irreversibility parameter /3 r _ c = /z H _ r A H 7H//i L A L , 
he plotted the variation of efficiencies rj CNCA , rj mp and rj c 
with respect to f3 r _ c for a constant value of the temperature 
ratio t as given in Fig. 5. Since r is taken to be constant, 
Vcnca and 17 c are constant. As a result of employing 
different, i.e. radiative and convective, heat-transfer mech¬ 
anisms between the working fluid and heat reservoirs, it can 
be seen in Fig. 5 that i 7 mp is less than the Carnot efficiency 
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Fig. 5. Variation of efficiencies with respect to the external 
irreversibility parameter /3 r _ c [65], 

i 7 C = 1 — t but higher than the Chambadal-Novikov- 
Curzon-Ahlborn efficiency i 7 CNCA = 1 — i/rfor the whole 
range of /3 r _ c values. Although their difference is very small 
for high values of /3 r _ c , y mp tends to increase for small 
values of /3 r _ c . The variation of efficiencies with respect to 
the temperature ratio t for a constant value of /3 r _ c is also 
shown in Fig. 6. For comparison the Carnot efficiency and 
the Chambadal-Novikov-Curzon-Ahlborn efficiency are 
also displayed. The comments made for Fig. 5 is also valid 
for Fig. 6 for all values of r. 

2.1.3. Effect of design parameters and internal 
irreversibility on the performance 

Andresen et al. [26] considered the effect of friction, 
thermal resistance and heat leakage to determine the 
maximum power and maximum efficiency of heat engines 
with two or three heat reservoirs. For a general class of heat 



Fig. 6. Variation of efficiencies with respect to the temperature 
ratio t [65], 


engines operating at maximum power output conditions, in 
which the generic sources of irreversibility are the finite-rate 
heat transfer and friction only, and Gordon and Huleihil [66] 
investigated the time-dependent driving function that 
maximize power when heat input and heat rejection are 
constraint to be non-isothermal (such as at constant volume, 
constant pressure or on a polytropic branch) and the impact 
of frictional losses on the engine’s power-efficiency 
characteristics, i.e. maximum power output and correspond¬ 
ing efficiency. 

Although, the Curzon and Ahlborn efficiency is inde¬ 
pendent of the plant size, Goktun et al. [67] reported that for 
radiative heat transfer at both hot and cold reservoir sides, 
the thermal efficiency depends on the external irreversibility 
parameter /3 r _ r which is the ratio of to ^L,r^L- They 

defined i// = jT c /r w as an optimization parameter and 
expressed the power output as a function of f3 r _ T and i/r. 
The optimization for power output is carried out with the 
constraint of Qh/Ql — E^IT C . They concluded that increas¬ 
ing the heat-transfer area of the cold side rather than that of 
the hot side improves the thermal efficiency. 

Wu and Kiang [68] introduced that the internal 
irreversibilities of a Carnot heat engine can be character¬ 
ized by a single parameter named as the cycle-irreversi¬ 
bility parameter. This parameter represents the ratio of 
entropy generation in isothermal branches of the cycle, 
shown in Fig. 7. 

The cycle-irreversibility parameter is defined as 


■*4 ta s i 

and by the aid of Eq. (15) 

Qn Qi 

= 0, (26) 

1 w 1 c 

is obtained as the second law of thermodynamics constraint 
with 0 < R < 1. 

A steady-state operation with simultaneous processes of 
the heat engine is considered and it is concluded that the 
cycle-irreversibility parameter R appears in both maximum 
power and efficiency equations. Since this parameter is less 
than unity, the equations clearly show that the engine with 



Fig. 7. Irreversible Carnot heat-engine model with heat leakage. 
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internal irreversibilities delivers less power and has a lower 
efficiency when compared with an endoreversible 
Carnot engine. Considering the internal irreversibilities, 
the thermal efficiency of an irreversible Carnot heat engine 
is expressed as 





(27) 


Chen et al. [69] determined the efficiency of the 
irreversible radiant Carnot heat engine at maximum specific 
power output and corresponding optimal temperatures of 
working fluid and heat-transfer areas. 

Goktun [70] extended their work [67] to include the 
internal irreversibility parameter R and used the external 
irreversibility parameter /3 C _ C as an optimization parameter 
together with if/. He concluded that for maximum power 
output, the heat exchangers optimum size ratio /3 c _ copt must 
be less than unity when R < 1 that corresponds to an 
irreversible heat engine whereas /3 c _ c-opt = 1 when R = 1 
that corresponds to an endoreversible heat engine. 

Ozkaynak et al. [71] extended the analysis given by 
Goktun et al. [67] to include internal irreversibilities with a 
cycle-irreversibility parameter R given by Eq. (25). (3 is 
generalized in a way that radiative-radiative or convec¬ 
tive-convective heat-transfer mechanisms could be 
selected independently for the heat transfer between heat 
reservoirs and working fluid for hot and cold sides by the 
definitions of /3 r _ r and /8 C _ C , respectively. Ozkaynak [72] 
also investigated the optimal efficiency of an internally and 
externally irreversible, solar-powered heat engine with 
radiative heat transfer from the heat source and convective 
heat transfer to the heat sink. He defined an optimization 
parameter \ = T w /r H for this case and used the external 
irreversibility parameter /3 r _ c and the cycle-internal-irrever- 
sibility parameter R as in Eq. (25). The non-dimensional 
power output is optimized with respect to x and it is 
concluded that the external irreversibility parameter must be 
less than 0.5 for optimum thermal efficiency and maximum 
power output. It is also noted that increasing the cycle- 
irreversibility parameter R improves the thermal efficiency 
and maximum power output. 

Ait-Ali [73] studied an irreversible Carnot-like power 
cycle with internal irreversibility. He considered that the 
generic source of internal irreversibility generates entropy at 
a rate being proportional to the external thermal conduc¬ 
tance and the engine temperature ratio. He optimized the 
cycle for maximum power and maximum efficiency and 
compared the performances to those of the endoreversible 
cycle. He concluded that the condenser thermal conductance 
that takes place between the low temperature heat reservoir 
and the working fluid, is always higher than the boiler 
thermal conductance that takes place between the high 
temperature heat reservoir and the working fluid. He also 
concluded that the respective sizes of the thermal 
conductances and therefore the sizes of the corresponding 


heat-transfer areas appear to be a critical design point for 
maximum efficiency. 

Bejan [74] investigated alternatives to the usual 
thermodynamic optimization formulation. The alternatives 
were the improvement of the thermodynamic performance 
of a system subject to physical size constraints, i.e. the 
power maximization, and the minimization of the physical 
size subject to specified thermodynamic performance, i.e. 
the surface minimization. He showed that both optimization 
approaches lead to the same physical configuration (the 
same physical design). 

Salah El Din [75] studied the performance of irreversible 
Carnot heat engines with variable temperature heat 
reservoirs. He concluded that the optimal temperature 
ratio of working fluid at hot and cold sides and the 
efficiency at maximum power are functions of the inlet 
temperatures to the heat exchangers instead of the average 
temperatures of the inlet and outlet temperatures of thermal 
reservoirs. 

2.1.4. Effect of heat leakage on the performance 

Following the works of Andresen et al. [26], Bejan [42] 
and Pathria et al. [46] regarding the effect of heat leakage on 
the performance, Gordon and Huleihil [76] derived the 
power-efficiency relations, determined their upper bounds 
and plotted generalized curves for heat engine performance 
for several types of heat engines with frictional losses, 
specifically: Brayton cycle, Rankine cycle and cycles with 
sizeable heat leaks, such as thermoelectric generators. 

Chen [77] extended the studies on the irreversible Carnot 
heat engine with external and internal irreversibilities such 
as Wu and Kiang [68], considering the heat leakage, Q L = 
CfT H — T l ) from the heat source to the heat sink (i.e. 
ambient) for a Carnot heat engine with sequential processes 
shown in Fig. 7. C\ is the thermal conductance, i.e. heat- 
transfer area times the overall heat-transfer coefficient based 
on that area. 

In contrast to Chen’s [77] approach of sequential 
operation, Chen et al. [78] considered an irreversible Carnot 
heat engine which executes simultaneous processes with 
heat leakage to the ambient. They also included the effect of 
the ratio of heat-transfer areas into their optimization study. 

Chen et al. [79] took a step further Bejan’s work [42] to 
determine the power versus efficiency characteristics at 
maximum power and at maximum efficiency conditions for 
an endoreversible Carnot heat engine with simultaneous 
processes considering internal heat leakage. In this study, 
the maximum power output, lV max , the maximum efficiency, 
r'max , the efficiency at maximum power output, rj mp and the 
power output at maximum efficiency, lT mef are calculated. 
The functional relationship of the power output with the 
efficiency of the heat engine is established and shown in 
Figs. 8 and 9 for an irreversible Camot heat engine without 
and with heat leakage, respectively. Fig. 8 clearly shows that 
when heat leakage is not present, large difference exists 
between y mp and Tj mRX . It must also be noted that the power 
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Fig. 8. The power output versus thermal efficiency of an irreversible 
Carnot heat engine [79], 

output at maximum efficiency is equal to zero. i.e. lV mef = 
0. As it is seen in Fig. 9, when heat leakage is considered, the 
power output versus efficiency curve becomes loop-shaped. 
Fig. 9 can be interpreted that when the efficiency is less than 
rj mp , the power output of the heat engine decreases as the 
efficiency decreases and when the power output is less than 
W mef , the efficiency of the heat engine also decreases as the 
power output decreases. The rational regions of the 
efficiency and the power output of the heat engine are 
obviously between rj mp and Tj max or W max and lV mef , 
respectively. It can be concluded that the heat 
engine should be operated between y mp and r/ nlax and 
^max an d lT rnc | - 

De Vos [40] had considered an endoreversible Carnot 
heat engine with generalized heat-transfer modes depending 
on different heat-transfer laws. Moukalled et al. [80] 
generalized the De Vos model by adding a heat leak term 
from the hot working fluid to the cold working fluid and 



Fig. 9. The power output versus thermal efficiency of an irreversible 
Carnot heat engine with heat leakage [79]. 


investigated the variation of the thermal efficiency at 
maximum power as functions of the ratio of heat-transfer 
coefficients between the heat reservoirs and the working 
fluid, the ratio of cold to hot reservoir temperatures and heat 
leak contribution. Moukalled et al. [81] later extended this 
work to obtain a universal model for the performance 
analysis of endoreversible Carnot-like heat engines with 
heat leak at maximum power conditions. They developed a 
model to accommodate combined modes of different heat- 
transfer power laws. 

2.2. Optimization based on other performance criteria 

Optimization based on the other performance criteria 
such as, power density, ecological and exergetic perform¬ 
ance is reviewed in the following sections following the 
review of the studies on the optimization of endoreversible 
and irreversible Carnot heat engines based on maximum 
power criterion together with the effects of heat-transfer 
laws, design parameters, internal irreversibilities and heat 
leakage. 

2.2.1. Power density optimization 

The performance analysis based on maximum power 
output does not include effects of engine size. To include the 
effect of engine size, Sahin et al. [82] suggested a new 
performance analysis criterion called maximum power 
density (mpd) which was defined as the ratio of power to 
the maximum specific volume in the cycle. 

Sahin et al. [83] carried out an analysis using maximum 
power density criterion for an endoreversible Carnot heat 
engine. The model of the endoreversible Carnot heat engine 
they considered is shown again in Fig. 2. In the cycle, the 
working fluid has maximum specific volume or maximum 
volume V max and minimum pressure at the end-point 4 
shown in Fig. 2, i.e. V max = V 4 . The power density (d) is 
defined as the power given in Eq. (14) divided by the 
maximum volume in the cycle which is in the form of 

W d = ~ Q ' ■ (28) 

’'max 

The total thermal conductance is fixed, which is £/ H A H + 
(7 L A L = UA = constant, as an additional constraint to the 
fulfillment of the second law of thermodynamics for the 
cycle. Employing the ideal gas assumption, the maximum 
volume in the cycle, which characterizes the engine size, is 
expressed as V max = mR gas T c /P min where m is mass, R gas is 
gas constant and P min is the minimum pressure of the 
working fluid. Defining a thermal conductance allocation 
parameter, b = l/ H A H /l/A and assuming that P min is 
constant, the power density is optimized with respect to 
T c and T w to give the maximum power density W dmax and 
the efficiency at maximum power density, Tj mpt |. The effect 
of the conductance allocation parameter b on the efficiency 
at maximum power density for r = 0.2 is shown in Fig. 10. 
It can be seen from Fig. 10 that as fc—► 1, rj mpd approaches 
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is the efficiency at mpd when there is no heat leakage. 
They also optimized the power output given in Eq. (14) 
with respect to r w and T c by using Eq. (30) and 
obtained 


W = 


U h A h U l A l T h (Vr-Jt) 2 


UhAh+U l A l R 
and the efficiency at maximum power as 


1- 


^?mp 


QU-tXI/hAh+IW?)- 


1 + 


U h A h U l A l R[ 1- 


('-a 


(34) 


(35) 


Fig. 10. Effect of conductance allocation parameter b on the thermal 
efficiency [83], 


1 — 2t/(1 + t) and when b — 0 then T/ mpd = 1 — fr = Tj mp . 
Therefore, 


Vm P = 1 - Vr < 77 mpd £ (1 - 2t/(1 + t)) < t?c = 1 - t, 

(29) 

for 0£()£ 1 and the conclusion is that the thermal 
efficiency at maximum power density is greater than the 
thermal efficiency at maximum power. 

Kodal et al. [84] carried out a comparative perform¬ 
ance analysis of irreversible Carnot heat engines under 
maximum power density and maximum power con¬ 
ditions. Their model includes three types of irreversi¬ 
bilities: finite-rate heat transfer, heat leakage and internal 
irreversibility as shown in Fig. 7. Using Eqs. (9), (10) 
and (26), they expressed the second law of thermodyn¬ 
amics constraint as 


U h A h (T h - 7w) R U l A l (T c - T l ) _ Q 


(30) 


They optimized power density given in Eq. (28) with 
respect to r w and T c by using Eq. (30). The maximum 
power density is obtained 


W,= 


\ ^^gas / 


(s/u h a h +u l a l r - V u h a h + U l A l t) 2 


U,A,tR 


Vmpd 


where 


Then, the efficiency at mpd becomes 
^7mpd,C|=0 


Cl(l-T) 


(31) 


(32) 


^ i 


U h A h + U l A l t ' 

^hAh + ^lAl Rj 


_ 

Vmpd ' c ‘-° V( u H A H +U l A l t)(U h A h +u l a l R) - u h a h ’ 

(33) 


The results showed that the design parameters at 
maximum power density lead to smaller heat engines. 
The analysis also showed that the thermal efficiency at 
mpd conditions is greater than the one at rnp condition 
for an irreversible heat engine, however, this advantage 
decreases when the internal irreversibility and heat 
leakage increase. 

2.2.2. Ecological and exergetic performance optimization 

Angulo-Brown [85] proposed an ecological optimization 
function E which is expressed as 

E=W~ T L S g , (36) 

where W is the power output and S g is the entropy 
generation rate. He showed that the efficiency at maximum 
ecological (me) function conditions is almost equal to the 
average of Carnot efficiency and the efficiency at 
maximum power that is 

1 

Vme j (^ c ^7mp)> (37) 

for endoreversible Carnot heat engines. As a conclusion 
of his study, he claimed that the ecological optimization 
of an endoreversible Carnot heat engine gives about 80% 
of the maximum power but with an entropy generation of 
only 30% of the entropy that would be generated by the 
power optimization. Yan [86] discussed the results of 
Angulo-Brown [85] and suggested that it may be more 
reasonable to use E — W — T 0 S g if the cold reservoir 
temperature is not equal to the environment temperature 
T 0 . The optimization of the ecological function is 
therefore claimed to represent a compromise between 
the power output W and the loss power T 0 S g which is 
produced by entropy generation in the system and its 
surroundings and also between the power output and the 
thermal efficiency. The ecological criterion is also 
applied to an irreversible Carnot heat engine with finite 
thermal capacitance rates of the heat reservoirs and finite 
total conductance of the heat exchangers by Cheng and 
Chen [87], 

Arias-Hemandez and Angulo-Brown [88] and Angulo- 
Brown et al. [89] showed that the relation given by Eq. (37) 
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is a general identity which can also be used both for 
endoreversible and irreversible Carnot heat engines by the 
aid of Eqs. (2) and (27), respectively. They employed both 
linear and non-linear heat-transfer laws in their calculations 
and concluded that the relation given by Eq. (37) is 
independent of heat-transfer laws. Ares de Parga et al. [90] 
used a variational procedure for obtaining the thermal 
efficiencies of an endoreversible Carnot heat engine in both 
the maximum power and maximum ecological function 
regimes by means of a non-linear heat-transfer law. 

Velasco et al. [91] proposed two saving functions, one 
associated with fuel consumption and another associated 
with thermal pollution, as a measure of possible reductions 
of undesired effects in heat engine operation. They proposed 
two different mathematical methods where the production of 
electric power, the saving of fuel consumption and the 
reduction of thermal pollution are optimized together. They 
applied these functions to a Curzon-Ahlbom heat engine 
and obtained an optimum efficiency of T 7 opt = 1 — r’ /4 . 

The main task in FTT is to find the minimum irreversible 
loss under a finite-time constraint, therefore, the concept of 
exergy is always inherently involved in it. To construct a 
method of exergy analysis, which is different from the 
traditional one, Andresen et al. [92] defined the finite-time 
exergy function which retains the traditional exergy and 
simply adds that the process is restricted to operate during 
finite time. Mironova et al. [93] introduced a criterion of 
thermodynamic ideality which is the ratio of actual rate of 
entropy production to the minimal rate of entropy 
production. This ratio is closely related to the energy 
approach but incorporates the irreversible losses due to finite 
time and non-zero rates. They found the regimes with 
minimal entropy production for the system where chemical 
reactions occurs and for the set of parallel heat engines. Yan 
and Chen [94] derived the relationship between the rate of 
exergy output and COP and also between the rate of exergy 
output and the cooling load for an endoreversible Carnot 
refrigerator. They obtained the optimal rate of exergy output 
and the minimum rate of exergy loss. Sahin et al. [95] 
carried out an exergy optimization for an endoreversible 
cogeneration cycle using FTT. The optimum values of the 
design parameters of the cogeneration plant, in which heat 
and power are produced together, at maximum exergy 
output were determined. They concluded that the heat 
consumer temperature should be as low as possible for 
highexergetic performance of a cogeneration system. 
Sieniutycz and Von Spakovsky [96] generalized the thermal 
exergy to finite-time processes. 


3. Optimization of cascaded Carnot heat engine models 

The maximum power and the efficiency at the maximum 
power output of an endoreversible cascaded cycle (two 
single Carnot heat engine cycle in a cascade), which is 



Fig. 11. Two irreversible Carnot heat-engine in a cascade. 


shown in Fig. 11, were treated by Wu et al. [97], They 
assumed that the sum of the maximum powers generated 
simultaneously by the individual cycles gives the maximum 
power output of the cascaded endoreversible cycle, i.e. 

W^cas.max = ^l.max + ^.max- (38) 

Chen and Wu [98] investigated the optimal performance 
of a two-stage endoreversible cascaded cycle for steady- 
state operation. The specific power output of the system is 
selected as an objective function for optimization and the 
maximum specific power output and the corresponding 
efficiency is derived. In their analysis, they first obtained the 
specific power output of a two-stage endoreversible 
cascaded heat-engine system dividing the total power output 
by the total heat-transfer area, i.e. w = W/A. The total heat- 
transfer area of the cascaded cycle is assumed to be fixed 
and applied as an additional constraint. The optimization of 
the specific power output by 9 w/dT wl = 0, 9h79jT C 2 = 0 
and 9H , /9Tj cas = 0 yields 

<ax = t4q,e„d(V^ - A/?!) 2 . 09) 

where C/ eq ,end is defined as an equivalent overall heat- 
transfer coefficient for an endoreversible cascaded-cycle 
system. They concluded that the corresponding efficiency, 
which is well known CNCA efficiency, is 



where rj cas mp is the thermal efficiency of the cascaded heat 
engine working at maximum power conditions. i 7 mp is the 
efficiency at maximum power for a single cycle endorever¬ 
sible Carnot heat engine. They showed that a two-stage 
endoreversible cascaded-cycle system and a single-stage 
endoreversible cycle have the same efficiency when both of 
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them operate in the state of the maximum specific power 
output and at the same temperature range. They also 
reported that the maximum specific power output of a 
cascaded-cycle system is smaller than that of a single-stage 
endoreversible cycle because there is some loss due to 
irreversibility between two cycles in the cascaded-cycle 
system. 

Chen and Wu [99] established a generalized endorever¬ 
sible cycle model, based on their earlier work [98], to study 
the performance characteristics of an n-stage cascaded- 
cycle system for a two-stage endoreversible cascaded-cycle 
system. They generalized the results obtained from the two- 
stage endoreversible one Chen and Wu [98] for an 
arbitrarily chosen n-stage cascaded-cycle system and 
obtained the optimal distribution of the heat-transfer areas. 

Sahin et al. [100] also studied both analytically and 
numerically the maximum power of an endoreversible 
cascaded-cycle system and its corresponding thermal 
efficiency subject to some design parameters. They 
compared their analytically and numerically derived results 
with each other and also with the previous studies on this 
topic. In their work, they claimed that the assumption of 
maximum power of the cascaded engine being equal to the 
sum of the maximum powers of the individual engines is not 
correct, mathematically, it should be 


W < W, 

rr cas,max rr l,max 


+ W, 


2,max* 


(41) 


They started their performance analysis for the cascaded 
endoreversible engine with 

W cas , max = (W, + W 2 ) max , (42) 


since the design parameters which make the power of one of 
the engines maximum may not make the power of the other 
engine maximum. As a result, they obtained the CNCA 
efficiency given by Eq. (2) for thermal efficiency of a 
cascaded endoreversible engine at maximum power output. 

Bejan [101] concluded that the power output of the 
cascaded-cycle power plant of finite-size can be maximized 
by properly balancing the sizes of the heat exchangers. 

Ozkaynak [102] performed an analysis for the maximum 
power and efficiency at the maximum power output of an 
irreversible cascaded Carnot heat engine with simultaneous 
processes. He considered the same irreversibility parameter 
R for each single cycle. First, he defined a dimensionless 
heat-transfer rate into cycle, <f>, and a dimensionless power 
output, W, then maximized them with respect to <p for a 
single irreversible Carnot heat engine. By the aid of the 
cascaded Carnot heat engines shown in Fig. 11, he defined 
T \ = T W2 /T H , t 2 = T l /T C i, (3\ — h H2 A H 2 /(h W 2 A W 2 ) and 
f} 2 = ■ A similar approach is applied to 

the analysis of a cascaded Carnot heat engine defining a 
dimensionless power output of each irreversible cycle, W t 
and W 2 ■ He derived the maximum total power output by 
using the assumption given in Eq. (38) by Wu et al. [97], 
The overall efficiency at the maximum power output of 


a cascaded-heat engine is also derived as 
1 ,_ 

7cas.mp 1 V t"l t"2 1 (43) 

under consideration of 

^Icas.mp = 1 - [1 - ( T ?l)w,, m „l 1 - (Vl)w 2 „J’ ( 44 ) 

given by Wu et al. [97] where 




(46) 


He compared the results with those obtained for a single 
cycle and concluded that a cascaded-heat engine may 
generate more power and is more efficient than a single 
cycle. 

Chen [103] extended the endoreversible analysis by 
Chen and Wu [98] to include internal irreversibilities for a 
two-stage cascaded-heat-engine cycle to analyse the 
performance. He adopted again the specific power output 
of the system as an objective function for optimization and 
derived the maximum specific power output and the 
corresponding efficiency. He compared the results he 
obtained with those of a single-stage irreversible heat 
engine and also presented an optimal performance analysis 
of an n-stage irreversible cascaded-heat-engine system. In 
his model, he adopted that the cycle-irreversibility 
parameters for each single cycle are different, and that 
the total heat-transfer area of the cascaded cycle is fixed as 
an additional constraint. Defining a new equivalent overall 
heat-transfer coefficient t/gqin- for a two-stage-cascaded 
irreversible heat-engine cycle, he obtained the maximum 
specific power output and optimal conditions as 


f max ^cq.irr 7| 


h(! 



(47) 


He concluded that the corresponding efficiency is 



where Tj mp is the efficiency at maximum power for a single 
cycle irreversible Carnot heat engine and Rj = R\R 2 - In 
order to compare his results with those of Ozkaynak [102], 
he considered R = R x = R 2 and R T = R 2 and substituting 
them in Eqs. (47) and (48), he found 



7cas.mp 


= 1 - 


R ' 


(50) 


Chen pointed out in his work [103] that the result given by 
Eq. (50) is different than that of given by Ozkaynak [102] 
in Eq. (43). He criticized Ozkaynak [102] to employ an 
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erroneous assumption given in Eq. (38) in his derivation. 
Chen [104] also established a universal model of an 
arbitrary n-stage combined Carnot cycle system including 
heat leak and internal dissipation of the working fluid and 
obtained the maximum power output and corresponding 
efficiency and, the maximum efficiency and corresponding 
power output. 

Sahin and Kodal [105] carried out an optimal perform¬ 
ance analysis of a two-stage-cascaded-cycle system includ¬ 
ing internal irreversibility for steady-state operation with 
simultaneous processes. In their work, two different cycle- 
irreversibility parameters are defined. They obtained the 
maximum power output of the cascaded cycle similar to 
given by Eq. (47) with different multiplier instead of I/ e q,in- 
definition and the efficiency at maximum power identical to 
given by Eq. (48). It should be noted here that Eqs. (47) and 
(48) were derived for maximum specific power output. 


4. Optimization of the other heat-engine cycles 

Leff [106] showed that the reversible heat engines 
(Joule-Brayton, Otto, Diesel, and Atkinson) other than the 
Carnot heat engine operating at maximum work output have 
efficiencies equal to CNCA efficiency although these 
models involve no finite-time considerations hence no 
irreversibilities. Landsberg and Leff [107] later found that 
these important heat engine cycles can be regarded as 
special cases of a more universal generalized cycle. 

4.1. The Joule-Brayton cycle 

In 1851, James Joule proposed an ‘air engine’ with a 
piston-cylinder work producing device as a substitute for the 
widely used steam engine [106,108]. This engine involved 
adiabatically compressing atmospheric air, heating the air at 
constant pressure via an external heat source, expanding the 
air adiabatically against a work-producing piston, and 
exhausting it to the atmosphere. George Brayton built a 
piston-driven internal combustion engine based on the same 
model cycle for about 20 years after Joule’s proposal. 
However, its efficiency was about 7%, therefore, it was too 
low to be competitive. Then, the cycle is idealized excluding 
the air intake and the exhaust parts as shown in Fig. 12 
incorporating two constant pressure and two isentropic 
processes (l-2s-3-4s-l). This cycle is used as an ideal 
model of a continuous-combustion gas turbine engine and 
named as the Brayton cycle or the Joule cycle (or may 
be more appropriately as the Joule-Brayton cycle or briefly 
JB cycle). 

Bejan [42] showed that the cycle efficiency of endor¬ 
eversible JB cycles is independent of the distribution of the 
thermal conductances among hot and cold side heat 
exchangers and further concluded that the power output 
is maximized when the total thermal conductance is 


T 



Fig. 12. The regenerative JB heat-engine model with internal 
irreversibilities. 

distributed equally. Wu and Kiang [109] and Wu [110] 
examined the performance of a power maximized endor- 
eversible JB cycle. Wu and Kiang [111] also studied the 
efficiency under maximum power conditions by incorporat¬ 
ing non-isentropic compression and expansion and found 
that these non-isentropic processes lower the power output 
and cycle efficiency compared to those of an endoreversible 
JB cycle under the same conditions. Ibrahim et al. [112] 
optimized the power output of Carnot and closed JB cycles 
for both finite and infinite thermal capacitance rates of the 
external fluid streams. Cheng and Chen [113] carried out a 
power optimization of an irreversible JB heat engine 
considering the irreversibility originating from heat leak 
between heat reservoirs in addition to the irreversibilities 
due to the finite thermal conductance between the working 
fluid and the reservoirs. They concluded that when 
component efficiencies are less than 100%, the optimum 
ratio of the hot-end heat exchanger conductance to the total 
conductance of the two heat exchangers will be less than 0.5 
and it will be equal to 0.5 when the component efficiencies 
reach 100%, i.e. endoreversible JB cycle, as Bejan pointed 
out in his work [42], Furthermore, this ratio decreases as the 
hot-to-cold reservoir temperature ratio is increased. Blank 
[114] studied a combined first and second law analysis to 
optimize the power output of JB-like cycles. He provided 
the pressure ratios and temperature limits for power 
optimization and the optimum allocation of conductances. 
Gandhidasan [115] performed an analysis of a closed cycle 
JB gas turbine plant powered by the sun. He calculated the 
optimum pressure ratio for maximum cycle efficiency. 

Cheng and Chen [116] studied the effect of regeneration 
on power output and thermal efficiency of an endoreversible 
regenerative JB cycle and, evaluated the maximum power 
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output and the corresponding thermal efficiency as well as 
the second law efficiency. In their study, they considered an 
endoreversible regenerative JB cycle coupled to a heat 
source and a heat sink with infinite thermal capacitances as 
shown in Fig. 12. The rates at which heat is supplied and 
rejected are given by 

Qh = C w£h CT h - T\) = C w (T 2 - 7j), (51) 

Ql = CwSLCT'a - T l ) = C w (7' 3 - T 4 ) (52) 

and the regenerative heat-transfer rate is 
Qr = C w£r ( 7 3 - 7j) = C w( n - TO = Cw(T 3 - 1*0, 

(53) 


where the effectiveness of hot-side heat exchanger is e H , 
that of cold-side heat exchanger is e l and that of 
regenerative heat exchanger is s R , the capacitance rate 
of working fluid is C w . The second law of thermodyn¬ 
amics yields 


T\ = T2 

t 4 r 3 ' 


(54) 


By the aid of Eqs. (51) and (52) and the first law of 
thermodynamics the power output is written. The power 
output is maximized with respect to 7j with the second 
law of thermodynamics constraint then, the corresponding 
thermal and second law efficiencies at maximum power 
are obtained. They illustrated the variation of efficiency 
with dimensionless power W/(Cw7h) for JB cycles with 
and without regeneration, as shown in Fig. 13. As a result, 
they claimed that pure JB cycles are better than 
regenerative JB cycles for maximum power and corre¬ 
sponding thermal efficiency as well as for maximum 
thermal efficiency and corresponding power. 

Cheng and Chen [117] also examined the effects of 
intercooling on the maximum power and maximum 
efficiency of an endoreversible intercooled JB cycle coupled 


W/{c w T h 



r] 

Fig. 13. Variation of dimensionless power with thermal efficiency 
for JB cycles (a) without and (b) within regeneration [116]. 


to two heat reservoirs with infinite thermal capacitance 
rates. They found that the maximum power output of an 
endoreversible intercooled JB cycle could be higher than 
that of an endoreversible simple one. 

Hernandez et al. [118] and Wu et al. [119] carried out 
power and efficiency analyses of regenerative air-standard 
and endoreversible JB cycles respectively, considering the 
losses in the compressor and turbine by means of an 
isentropic efficiency term and all global irreversibilities in 
the heat exchanger by means of an effective efficiency and 
obtained optimal operating conditions. Roco et al. [120] also 
studied an optimum performance analysis of a regenerative 
JB cycle taking into account of the pressure losses in the 
heater and the cooler in addition to the irreversibilities due 
to finite temperature difference between the working fluid 
and heat reservoirs, turbine and compressor non-isentropic 
processes and the regeneration. Hernandez et al. [121] 
presented a general theoretical framework to study the 
behaviour of the power output and efficiency in terms of the 
pressure ratio for a regenerative gas turbine cycle with 
multiple reheating and intercooling stages. They considered 
the isentropic efficiency of the compressors and turbines as a 
parameter to analyse the optimal operating conditions of an 
air-standard regenerative JB cycle. They performed a 
numerical study and the numerical results show that in 
determining the rational regions of the efficiency and power 
output of the cycle (T 7 „ lp < i 7 opt < Tj max , lV max > W opt > 
^mef) the influence of thermodynamic (irreversibilities and 
temperatures) and technical (number of stages and pressure 
ratios) factors must be taken into account simultaneously. 
Chen et al. [122] investigated the performance of a 
regenerative irreversible closed JB cycle coupled to 
variable-temperature heat reservoirs. They derived, expli¬ 
citly, the power output and the efficiency expressions of this 
JB cycle as functions of pressure ratios, reservoir tempera¬ 
tures, heat exchanger effectivenesses, compressor and 
turbine efficiencies, and working fluid thermal capacitance 
rates as a unified approach to the performance optimization 
studies with different constraints. 

Vecchiarelli et al. [123] claimed that the hypothetical 
modification of gas turbine engines to include an isothermal 
heat addition process after the typical isobaric heat addition 
process, as shown in Fig. 14. may result in significant 
efficiency improvements of over 4% compared with 
conventional engines. They examined a proposed conver¬ 
ging combustion chamber for gas turbine engines in which 
an isothermal heat addition takes place and concluded that 
the approximate heat addition in the proposed combustion 
chamber is feasible. Goktun and Yavuz [124] carried out a 
thermal efficiency analysis of the modified JB cycle 
explained in Vecchiarelli et al. [123] with the addition of 
regeneration and internal irreversibilities. As a conclusion, 
they reported that the effect of regenerative heat transfer on 
the performance of a modified JB cycle is positive for low 
pressure ratio values whereas it is negative for high pressure 
ratio values. 
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Fig. 14. JB heat-engine model with isothermal heat addition. 

As it is explained in power density optimization of 
Carnot heat engine section, to include the effects of engine 
size in the performance analysis, Sahin et al. [82] suggested 
a performance criteria called mpd. In their analysis, by 
considering a reversible JB engine, they maximized the 
power density (the ratio of power to the maximum specific 
volume in the cycle) and found that design parameters at 
maximum power density lead to smaller and more efficient 
JB engines as shown in Figs. 15 and 16. Therefore, they 
stated that by maximizing the power density, one obtains 
lower fuel costs due to higher thermal efficiency and lower 
investment costs due to the use of a smaller engine. Sahin 
et al. [125] extended the work of Sahin et al. [82] by 
including irreversibilities at the compressor and the turbine 
of a JB engine along with considerations of pressure losses 
at the burner. They concluded that although the irreversi¬ 
bilities result in a reduction of power output and thermal 
efficiency, the mpd conditions still give a better performance 
than those at mp conditions in terms of thermal efficiency 
and engine size as shown in Figs. 17 and 18. Medina et al. 
[126] applied the mpd analysis by Sahin et al. [82,125] to a 
regenerative JB cycle, using a previous theoretical work, 
Hernandez et al. [118], where the optimal operating 



Fig. 16. Variation of efficiency at maximum power density i7 mpil , 
efficiency at maximum power r/ CNCA , and the Carnot efficiency r/ (: 
with extremal working fluid temperature ratio 7)/7) of the 
temperatures 7) and 1\ shown in Fig. 12 for an endoreversible JB 
heat engine [82], 

conditions of the heat engine are expressed in terms of the 
compressor and turbine isentropic efficiencies and of the 
heat exchanger efficiency. They showed that under mpd 
conditions the irreversible JB cycle is also smaller in size 
and requires a higher pressure ratio than that of under mp 
conditions. They also showed that unlike non-regenerative 
results, real regenerative gas turbines, i.e. when rj R > 0.3, 
are less efficient at mpd conditions than at mp conditions. 
Sahin et al. [127] carried out a comparative performance 
analysis based on mpd and mp criteria for a regenerative JB 
heat engine by inclusion of the application of reheating into 
the model. They showed that when the irreversibilities of 
turbine and compressor increase the thermal efficiency 
advantage of the mpd conditions decreases in comparison 
with mp conditions. They also showed that the application 
of reheating to a regenerative JB cycle increases the range of 



Fig. 15. Variation of normalized power density and normalized 
power with thermal efficiency for an endoreversible JB heat 
engine [82], 


Fig. 17. Variation of normalized power density and normalized 
power with thermal efficiency for an irreversible JB heat engine 
[125], 
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Fig. 18. Variation of efficiency at maximum power density 7/ m[Hi , 
efficiency at maximum power r/ CNCA , and the Carnot efficiency r/ c 
with extremal working fluid temperature ratio T-JT , of the 
temperatures T 3 and 1\ shown in Fig. 12 for an irreversible JB 
heat engine [125]. 


the thermal efficiency advantage of the mpd conditions with 
increasing regenerator efficiency. Finally, they demon¬ 
strated that the smaller engine size advantage under mpd 
conditions is preserved with the inclusion of reheating. 

Chen et al. [128] optimized the endoreversible JB cycle 
performance using power density as an objective function 
with the consideration of the finite-time heat transfer 
irreversibility in the hot- and cold-side heat exchangers. 
They carried out this work by optimizing the pressure ratio 
of the cycle and by optimizing the heat conductance 
distribution of heat exchangers assuming a fixed total heat 
exchanger inventory. They also carried out a performance 
comparison of the JB cycle examined in Ref. [128] with 
variable temperature heat reservoirs in Ref. [129], Further 
step of their works, they [130] analyzed and optimized the 
performance of an irreversible regenerated closed JB cycle 
with variable temperature heat reservoirs using power 
density as an objective function. They considered heat 
transfer irreversibilities in the heat exchangers and the 
regenerator, the irreversible compression and expansion 
losses in the compressor and the turbine, the pressure loss at 
the heater, cooler and the regenerator as well as in pipes, and 
the effect of the finite thermal capacity rates of the heat 
reservoirs. Their mpd analyses may lead to higher efficiency 
and smaller design size of the JB engines. 

Erbay et al. [131] expanded the work of the modified JB 
cycle with isothermal heat addition explained in Vecchiar- 
elli et al. [123] and Goktun and Yavuz [124] to cover a 
numerical work using mp and mpd as objective functions. 
They showed that the modified JB cycle has higher 


efficiencies at mp and mpd conditions and also with respect 
to the cycle pressure ratio than those of the classical 
regenerative JB cycle. 

Cheng and Chen [132] applied the ecological optimiz¬ 
ation criterion given in Eq. (36) to optimize the power 
output of an endoreversible closed JB cycle. The ecologi¬ 
cally optimum values of the power output values and the 
corresponding thermal and second law efficiencies were 
presented. The thermal efficiency at maximum ecological 
function is found to be about the average of the reversible 
Carnot efficiency of a Carnot heat engine that works 
between the same temperature limits and the efficiency at 
maximum power as it is given in Eq. (37). They also found 
that the ratio of ecologically optimum power to maximum 
power is independent of the number of transfer units of the 
hot-side and the cold-side of the heat exchangers. Chen and 
Cheng [133] also studied the ecological optimization of an 
irreversible JB heat engine where the irreversibilities were 
assumed to originate from finite thermal conductance 
between the working fluid and the reservoirs, non-isentropic 
compression and expansion processes, and heat leaks 
between the reservoirs. The ecological function was 
optimized with respect to the thermal conductance ratio 
and the adiabatic temperature ratio. They concluded that the 
thermal conductance of the cold-side heat exchanger should 
be larger than that of the hot-side heat exchanger to obtain a 
higher ecological function also that the optimum conduc¬ 
tance ratio and the adiabatic temperature ratio are hardly 
affected by the heat leaks when infinite thermal capacity of 
heat reservoirs are considered. 

Huang et al. [134] carried out an exergy analysis based 
on the ecological optimization criterion for an irreversible 
open cycle JB engine with a finite capacity heat source. 
They showed that for such an irreversible JB cycle, the first 
and second law efficiencies can be presented as a function of 
the cycle pressure ratio and compressor and turbine 
efficiencies and that by using the ecological criterion and 
the second-law performance (or exergetic performance), it is 
possible to combine the lost work with the first law. They 
concluded that if the values of inlet temperature of the 
heating fluid, working fluid temperature at turbine inlet, 
source-to-cycle temperature difference and isentropic effi¬ 
ciency of the turbine or compressor were increased, the 
resulting first and second law cycle efficiencies would be 
higher. 

4.2. Stirling, Ericsson and Lorentz cycles 

In 1816, Robert Stirling lodged a patent for the first hot¬ 
air engine [135,136], The important aspect of the air- 
standard Stirling engines was the use of a regenerative heat 
exchanger in a heat engine system for the first time. The 
ideal Stirling cycle consists of two isochoric and two 
isothermal processes. This cycle approximates the com¬ 
pression stroke of the real engine as an isothermal process, 
with irreversible heat rejection to a low-temperature sink. 
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The heat addition to the working fluid from the regenerator 
is modelled as a reversible isochoric process. The expansion 
stroke producing work is modelled as an isothermal process, 
with irreversible heat addition from a high temperature 
source. Finally, the heat rejection to the regenerator is 
modelled using a reversible isochoric process. 

Ericsson introduced a power cycle in 1833 in which the 
primary heat addition and rejection processes take place at 
constant temperature and the expansion and compression 
processes at constant pressure having an ideal heat 
regeneration [137]. 

Badescu [138] evaluated the performances of solar 
converter in combination with a Stirling or Ericsson heat 
engine by taking into consideration the design and 
climatological parameters and the energy balance for the 
solar converter. Fie analyzed the influence of these 
parameters on both the optimum receiver temperature and 
the optimum efficiency of solar converter-heat engine 
combination at maximum power conditions. The design 
parameters considered in this study were concentration 
ratio, effective absorptance-transmittance product for solar 
direct radiation, receiver emissivity and overall heat-loss 
coefficient and the climatological parameters were global 
solar radiation flux and sky temperature. Ladas and Ibrahim 
[139] defined a finite-time parameter as the ratio of working 
fluid contact time to the engine time constant which evolves 
the heat transfer characteristics of the given Stirling engine 
design. They conducted a numerical study and plotted the 
change of power output versus the finite-time parameter, the 
change of power output versus efficiency and effects of 
regeneration on them. Senft [140] described a mathematical 
model of heat engines operating with an endoreversible 
Stirling cycle subject to internal thermal losses and 
mechanical friction losses and investigated the effects of 
these irreversibilities on the performance. Blank et al. [141] 
and Blank and Wu [142] conducted optimization analyses 
for maximum power output of endoreversible Stirling and 
Ericsson heat engines with perfect regeneration and 
provided sample parametric studies using representative 
data for Stirling-type engines from West [143], respectively. 
Blank and Wu [144,145] also studied a solar-radiant 
regenerative Stirling and Ericsson heat engines coupled to 
a heat source and heat sink by radiant heat transfer in order 
to obtain the finite-time maximum power output and 
corresponding efficiency based on higher and lower 
temperature bounds. 

Erbay and Yavuz [146] analyzed an endoreversible 
Stirling engine with polytropic processes in compressor and 
turbine and an isochoric process in a regenerator to obtain 
the performance at mp and mpd conditions. Erbay and 
Yavuz [147,148] also analyzed irreversible Stirling and 
Ericsson engines with simultaneous polytropic processes in 
compressor and turbine, respectively. In the latter works, 
they considered the internal irreversibilities due to the 
turbine and compressor thermal efficiencies and the pressure 
drops present in regenerators to examine the effect of these 


internal irreversibilities on the performance at mp and mpd 
conditions for realistic Stirling and Ericsson engines. Wu 
et al. [149] performed an mp analysis to determine the 
effects of heat transfer, regeneration time and imperfect 
regeneration on the performance of an irreversible Stirling 
engine cycle with sequential processes. 

Chen et al. [150] considered a combined system of a 
solar collector and a Stirling engine. The performance of the 
system was investigated based on the linearized heat loss 
model of the solar collector including the radiation losses 
and the irreversible cycle model of the Stirling engine 
affected by finite-rate heat transfer and regenerative losses. 
They determined the optimal temperature of the solar 
collector and the maximum efficiency of the total system. 

Feidt et al. [151] proposed a general method for studying 
the Stirling engine based on a generalized form of heat- 
transfer law at source and sink. They focused on obtaining 
the maximum power output and investigated the influence 
of the different forms of heat-transfer law as well as heat 
losses between the hot and cold side of the machine, and 
partial regeneration processes on mp. Feidt et al. [152] 
further studied the influence of the regenerator effectiveness 
on the optimal heat-transfer surface conductance distri¬ 
bution in a Stirling engine. Costea and Feidt [153] extended 
the previous works on Stirling engines [151,152] by 
considering the influence of the linear variation of the 
overall heat-transfer coefficient with the temperature 
difference on the engine characteristics and performance, 
particularly on the distribution of the heat-transfer surface 
conductance or area among the heater and the cooler in a 
parametric study. 

Blank [154] generalized mixed-mode heat transfer 
studies to determine their effects on power optimization in 
regenerative Stirling-like heat engines including the Carnot 
heat engine with sequential processes considering different 
types of thermal reservoir capacities. Bhattacharyya and 
Blank [155] developed a universal expression for optimum 
specific work output of regenerative reciprocating endor¬ 
eversible heat engine cycles which include the Stirling and 
Ericsson cycles and the reciprocating Carnot cycle. In their 
analysis, they employed the ideal gas model with constant 
specific heat considering the case of ideal regenerator used 
by Blank et al. [141] and Blank and Wu [142], and claimed 
that the results are applicable to Carnot cycles with vapours 
and real gases. They showed that the finite-time optimum 
specific work (work output per unit mass) at maximum 
power w opt , is exactly half of that obtained for the reversible 
cycles operating between the same temperature limits 
w opt = n/2)w rev . They performed a sample calculation and 
concluded that the endoreversible Stirling engine will have 
the same thermal efficiency as the endoreversible Ericsson 
engine however it will have higher optimum power output 
while operating under the same optimized working fluid 
temperatures. The optimum power of the reciprocating 
endoreversible Carnot engine will be superior to both of 
these cycles. 


194 


A. Durmayaz et al. / Progress in Energy and Combustion Science 30 (2004) 175-217 


The Lorentz cycle operates between a heat source and 
sink with finite heat capacity rates considering that heat is 
transferred irreversibly between the thermal reservoirs and 
the multi-component working fluid across counter-flow heat 
exchangers with fixed temperature differences. Gu and Lin 
[156] studied an endoreversible multi-stage Lorentz cycle 
with a non-azeotropic binary mixture, which is suitable for 
electricity generation, using relatively low temperatures for 
hot water or other fluids. Lee and Kim [157] determined the 
maximum power of an endoreversible Lorentz cycle and 
found that the maximum power of the Lorentz cycle is twice 
that of the Carnot cycle with finite-capacity thermal 
reservoirs for a given pinch-temperature difference. 

4.3. Otto, Atkinson, Diesel and dual cycles 

The air-standard Otto cycle incorporates an isentropic 
compression, an isochoric heat addition, an isentropic 
expansion and an isochoric heat rejection processes, 
sequentially. The air-standard Diesel cycle having an 
isentropic compression, an isobaric heat addition, an 
isentropic expansion and an isochoric heat rejection 
processes, sequentially. The air-standard dual cycle having 
an isentropic compression, an isochoric and an isobaric heat 
addition, an isentropic expansion and an isochoric heat 
rejection processes, sequentially. 

Mozurkewich and Berry [158] used mathematical 
techniques from optimal-control theory to determine the 
optimal motion of the piston in an Otto engine. Hoffman 
et al. [159] performed a similar analysis for a Diesel engine. 
In these works, the major loss terms such as friction loss, 
heat leak and incomplete combustion were incorporated in a 
simple model based on air-standard cycle with rate- 
dependent loss mechanisms. Then using optimal control 
theory, the piston trajectory which yields maximum power 
output were computed as applications of the methods of 
FTT. Band et al. [160] and Aizenbud and Band [161] 
determined the optimal motion of a piston fitted to a cylinder 
which contained a gas pumped with a given heating rate and 
coupled to a heat bath during finite times. Klein [162] 
considered the ideal Otto and Diesel cycles and compared 
their volumetric compression ratios, thermal efficiencies at 
maximum work per cycle conditions. He derived the net 
work output of an air standard Otto cycle as an objective 
function and used the compression ratio as an optimization 
parameter to obtain the maximum net work output and 
corresponding thermal efficiency. He studied the effect of 
heat transfer through a cylinder wall on the work output of 
an Otto cycle assuming the heat transfer to the cylinder 
walls to be a linear function of the difference between the 
average gas and cylinder wall temperatures during 
the isometric energy release process 2-3. He concluded 
that the compression ratios that maximize the work of the 
Diesel cycle are always higher than those for the Otto cycle 
at the same operating conditions, although the thermal 
efficiencies are nearly identical, and that the compression 


ratios that maximize the work of the ideal Otto and Diesel 
cycles compare well with the compression ratios employed 
in corresponding production engines. 

Wu and Blank [163] and Blank and Wu [164] 
investigated the effect of combustion on a work-optimized 
endoreversible Otto cycle and a power-optimized endor¬ 
eversible Diesel cycle. Blank and Wu [164] maximized the 
net power output with respect to the cut-off ratio and their 
numerical study resulted in an optimum cut-off ratio value 
of 5.997 for the sample problem they considered. Chen 
[165] analyzed and optimized the power potential of a dual 
cycle considering the effect of combustion on power. In his 
work, also, he criticized the correctness of the optimum 
maximum temperature and the optimum cut-off ratio value 
findings of Blank and Wu [164], He pointed out that the 
optimum maximum temperature was found higher than the 
adiabatic flame temperature by Blank and Wu [164], Wu 
and Blank [166] also optimized the endoreversible Otto 
cycle with respect to both net power output and mean 
effective pressure (work of one cycle divided by displace¬ 
ment volume). Comparisons of the results show that the 
compression ratios for the optimization of net power output 
and mean effective pressure are themselves increasing 
functions of the maximum cycle temperature. Further, the 
optimization for VV^t results higher thermal efficiency than 
the optimization for mean effective pressure for a given 
maximum cycle temperature. 

Orlov and Berry [167] obtained some analytical 
expressions for the upper bounds of power and efficiency 
of an internal combustion engines taking into account finite 
rate heat exchange with the environment and entropy 
production due to chemical reactions. Also, they claimed 
that a non-conventional internal combustion engine may 
have an additional heat input from the environment to 
produce maximum power. 

Angulo-Brown et al. [168] proposed an irreversible 
simplified model for the air-standard Otto cycle taking into 
account of finite-time for heating and cooling processes and 
neglecting the time spent in adiabatic processes. They also 
considered a lumped friction-like dissipation term repre¬ 
senting global losses. They maximized the power output, 
efficiency and ecological function with respect to com¬ 
pression ratio and showed that the optimum compression 
ratio values were in good agreement with those of standard 
values of practical Otto engines. They also showed that their 
model leads to loop-shaped power-versus-efficiency curves 
which are performance characteristics of real heat engines. 
Hernandez et al. [169] presented a model for an irreversible 
Otto engine with internally dissipative friction considering 
non-instantaneous adiabatic processes as a complementary 
to the one proposed in Angulo-Brown et al. [170], In their 
work, they gave a central role to the full cycle time and 
piston velocity on the adiabatic branches with a pure 
sinusoidal law. Angulo-Brown et al. [170] extended the 
work of Angulo-Brown et al. [168] to include internal 
irreversibilities through the cycle-irreversibility parameter R 
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which was defined in Eq. (25). They found that R is also the 
ratio of the constant volume thermal capacities, i.e. R = 
C vl /C v2 where C V1 is the constant volume thermal capacity 
during the compression stroke and C v2 is the constant 
volume thermal capacity during the power stroke of the 
working fluid. They showed that the efficiency and power 
output of the Otto cycle can be remarkably improved 
choosing convenient combustibles having higher R values 
without changing the compression ratio and the other 
geometric parameters. Aragon-Gonzalez et al. [171] inves¬ 
tigated the maximum irreversible work and efficiency of the 
Otto cycle considering the irreversibilities during the 
expansion and compression processes. 

In the 1880s, James Atkinson designed and built an 
internal combustion engine [106]. The ideal cycle repre¬ 
senting the operation of this engine consists of an isentropic 
compression, an isochoric (constant volume) heat addition 
with internal combustion, an isentropic expansion all the 
way to the lowest cycle pressure and an isobaric heat 
rejection processes. Chen et al. [172] carried out a 
comparative performance analysis of Atkinson engines at 
mp and mpd conditions. 

Chen et al. [173] and Akash [174] carried out a 
performance analysis to show the heat-transfer effects on 
the net work output and efficiency for air-standard Diesel 
cycles employing the expression for heat addition to the 
working fluid proposed by Klein [162]. Chen et al. [175] and 
Lin et al. [176] also performed analyses for an air-standard 
Otto cycle and a dual cycle, respectively, similar to the one 
employed in Chen et al. [172]. 

Bhattacharyya [177] analyzed an irreversible Diesel 
cycle considering a friction-like dissipation term represent¬ 
ing thermal and frictional losses and, optimized the power 
output and thermal efficiency with respect to cut-off ratio in 
addition to compression ratio similar to the one employed in 
Angulo-Brown et al. [170] for an irreversible Otto cycle. 
Chen et al. [178] and Wang et al. [179] also investigated the 
effect of friction on the performance of Diesel engines and 
an air-standard dual cycle, respectively. 

Sahin et al. [180] introduced and optimized a new 
combined dual and JB power cycle model. In this theoretical 
model, a reciprocating heat engine with a gas turbine system is 
considered where the JB cycle utilizes the waste heat from the 
dual cycle. The optimal performance and design parameters 
are obtained analytically in terms of thermal efficiency, power 
output and engine sizes for the mpd conditions of the dual 
cycle and the combined cycle. Their results indicated that 
although a design based on the mpd criterion has the 
advantage of smaller size for a dual cycle, it has the 
disadvantage of lower power output and thermal efficiency 
than a classical dual cycle optimized considering mp criterion. 
They showed that the power and thermal efficiency dis¬ 
advantages of the dual cycle working at mpd conditions can be 
improved considerably by the proposed combined system. 

Sahin et al. [181] carried out a performance analysis 
and optimization based on the ecological criterion for an 


air-standard endoreversible internal-combustion-engine 
dual cycle coupled to constant temperature thermal 
reservoirs. The optimal performances and design par¬ 
ameters, such as compression ratio, pressure ratio, cut-off 
ratio and thermal conductance allocation ratio which 
maximize the ecological objective function are investigated. 
The obtained results are compared with those of the 
maximum power performance criterion. 

4.4. Direct energy conversion systems 

Magnetohydrodynamic energy conversion, popularly 
known as MHD, is one of the forms of direct energy 
conversion in which electricity is produced from fossil fuels 
without first producing mechanical energy. The process 
involves the use of a powerful magnetic field to create an 
electric field normal to the flow of an electrically conducting 
fluid through a channel. MHD effects can be produced with 
electrons in metallic liquids such as mercury and sodium or 
in hot gases containing ions and free electrons due to the 
requirement of high-temperature plasma from which the 
electrical energy is extracted. MHD channels, like gas 
turbines, may be operated on open or closed cycles. The 
simplest MHD power cycle is similar to a Brayton power 
cycle except for the irreversible process which is either a 
constant-velocity or a constant-Mach-number expansion in 
an MHD generator. Therefore, this ideal cycle consists of an 
MHD generator instead of turbine-generator group, in 
addition to a cooler, a compressor and a heater. Performance 
improvement can be provided by including regeneration 
application for preheating the working fluid at the 
compressor exit in the MHD power cycle. 

The non-regenerative MHD power cycle efficiencies at 
maximum power output conditions for a constant-velocity 
and a constant-Mach-number type of an MHD generator 
were analyzed and compared with the CNCA efficiency by 
Aydin and Yavuz [182], Later, Sahin et al. [183] carried out 
a performance analysis for a non-regenerative MHD power 
cycle at maximum power density for a constant-velocity- 
type MHD generator and compared the results with those of 
at maximum power conditions. Sahin et al. [184] extended 
these works by including a regenerator in the model and by 
considering the irreversibilities arising from pressure drops 
in the heater, regenerator and cooler together with the 
irreversibilities at the compressor and the electrical losses at 
the MHD generator. 

Thermoelectric generators, refrigerators and heat 
pumps are also another types of direct energy conversion 
systems. A practical thermoelectric heat pump, in its 
simplest form, contains semiconductor materials, a heat 
source and a heat sink. A thermoelectric refrigerator 
describes a system in which two dissimilar materials are 
joined electrically and thermally for the purpose of 
transferring thermal energy from a heat source at 
temperature T L to a heat sink at a higher temperature 
T h by the input of electrical power W. 
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Wu [185] applied the endoreversible Carnot heat 
engine model, shown in Fig. 2, to the FTT analysis of a 
solar-powered thermionic engine which is a device that 
converts heat directly to electricity. In this study, he 
considered a radiant thermionic heat engine which 
receives solar radiation from the sun at T H = 5755 K 
and emits radiant heating to space at T L = 0 K. The 
optimization of power output with respect to the emitter 
temperature, r w and the collector temperature T c is 
carried out and concluded that the thermal efficiency of 
such a heat engine is less than of a Camot heat 
engine operating between the same heat reservoirs, in 
this case rj c = 1. 

Gordon [186] analyzed the power versus efficiency 
relationships for thermoelectric generators having one or 
more sources of irreversibility, and compared the results 
with those of real heat engines. 

Wu [187] and, Wu and Schulden [188] employed an 
externally irreversible model to study the performance 
analysis of a thermoelectric refrigerator and a thermo¬ 
electric heat pump considering the specific cooling load, 
heating load per unit heat exchanger surface area, as an 
objective function, respectively. An irreversible heat 
engine model is used by Ozkaynak and Goktun [189] to 
determine the maximum power and thermal efficiency at 
maximum power for a thermoelectric generator. Goktun 
[190,191] investigated the optimal performance of an 
irreversible thermoelectric generator employing a reversed 
Carnot-like heat engine model. He defined a device-design 
parameter, used a cycle-irreversibility parameter and 
determined the dimensionless maximum cooling load 
with respect to electrical current and corresponding 
dimensionless optimum power output and COP. Agrawal 
and Menon [192] considered a thermoelectric generator 
with zero internal resistance, vanishing heat leakage and 
negligible production of Thomson heat. They showed that 
such a generator behaves as an ideal Carnot engine or an 
endoreversible Carnot heat engine depending upon 
whether the heat transfer at junctions is reversible or 
finite rate. They found that the optimized power of the 
generator is greater than that of the endoreversible Carnot 
heat engine. 

Nuwayhid et al. [193] performed a comparison 
between the EGM method and the power maximization 
technique by analyzing, as a typical example of direct 
energy conversion systems, the thermoelectric generator. 
They investigated the effects of heat leak, internal 
dissipation and finite-rate heat transfer on the performance 
of the generator, which is modelled as a Carnot-like heat 
engine. The EGM and the power maximization methods 
were shown to lead to the same conclusions, i.e. minimum 
entropy generation rate and maximum power output 
conditions are coincident, with the EGM method being 
less straightforward than the power maximization 
technique. 


5. Optimization of refrigerator and heat pump systems 

An endoreversible Carnot refrigeration cycle is a 
modified Carnot cycle with two isentropic and two 
externally irreversible isothermal processes. In this cycle, 
two infinitely large thermal reservoirs existing at tempera¬ 
tures T h and T l are considered to transfer heat to the 
refrigerator from the low temperature heat source across a 
temperature difference of T L — T c and from the refrigerator 
to the high temperature heat sink across a temperature 
difference r w r H with a reversed Camot cycle as shown 
in Fig. 19. The heat-transfer rate from the low temperature 
heat source to the working fluid (refrigerant), which is also 
called the cooling load, Q L , the heat-transfer rate from the 
refrigerator to the high temperature heat sink Q H consider¬ 
ing linear heat-transfer law can be written similar to the Eqs. 
(9) and (10) of endoreversible Camot heat engine. The 
power input of the refrigerator can be expressed similar to 
the power output of a heat engine given in Eq. (8). In a 
complete reversible Carnot refrigeration cycle, Q L would be 
zero since this cycle would take an infinitely long time to 
remove a finite amount of heat or it would require two 
infinitely large heat exchanger areas. The COP can be 
defined as 

COP = . (55) 

W 

The modelling features used for power plants have also 
been used in the optimization of refrigeration plants. The 
model that was studied mostly is the refrigerator composed 
of a cold-end heat exchanger, i.e. evaporator, a reversible 
compartment that receives power and transfers the heat 
toward higher temperatures, and a room-temperature heat 
exchanger, i.e. condenser. This model is shown in Fig. 19 
which was used first by Andresen et al. [26] who focused on 
the optimal temperature staging of the three compartments. 
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Fig. 19. Endoreversible reversed Camot refrigerator model. 
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Unlike in the power plant equivalent, in a refrigerator there 
is no optimal warm-to-cold temperature ratio of r w /r c for 
minimum power input. 

Subsequent to Curzon Ahlborn’s analysis [8], Leff and 
Teeters [194] have noted that the straight forward 
calculation of Curzon Ahlbom calculation will not work 
for a heat pump because there is no natural maximum. 
Refrigeration cycles considered in the light of the Curzon- 
Ahlborn maximum power analysis with a specified overall 
heat conductance do not have a bounded solution either for 
minimum power input or for cooling load without specify¬ 
ing further criteria. Blanchard [195] has recognized this 
particular problem as he minimized the power input to an 
endoreversible heat pump for a specified heat rejection load 
and parallel temperature profiles in the heat exchangers. 

Yan and Chen [196] studied a class of endoreversible 
Carnot refrigeration cycles considering a general heat- 
transfer law which has been adopted by De Vos [40,197] and 
Chen and Yan [58], They obtained the relation between the 
cooling load (rate of refrigeration) Q L and COP of these 
cycles, which is shown in Fig. 20, and optimized the cooling 
load with respect to the working fluid temperature on the 
cold side at constant COP. From Fig. 20, it can be observed 
that as expected, Q L decreases when COP increases and Q L 
approaches gL.max while COP tends to zero. However, the 
refrigeration cycle cannot be carried out when COP = 0. In 
their study, they also investigated the effect of different heat- 
transfer laws on the optimal performances of these cycles. 

5.1. Irreversible refrigeration and heat-pump systems 

Bejan [198] considered an endoreversible Carnot 
refrigeration plant model with internal heat-transfer irrever¬ 
sibility which is due to the heat transfer (heat gain) that 
passes directly through the machine all the way to T L . He 
examined the second law efficiency dependence on 
refrigeration temperature levels in general, and went on to 
maximize the cooling load of refrigeration cycles with 
respect to the heat conductance allocation between the 
evaporator and condenser. The equal distribution of the 
specified heat conductance between the condenser and 



Fig. 20. Rate of refrigeration (cooling load) Q L versus COP for the 
heat transport exponent n = 1 [194], 


evaporator was found to be optimal, just as for the maximum 
power cycle problem. 

Klein [199] showed that for a fixed cooling load, the 
COP of an endoreversible refrigeration cycle is maximized 
when the product of the heat-transfer effectiveness and 
external fluid capacitance rate is equally divided between 
the evaporator and condenser of the cycle. Bejan [200,201] 
investigated the best way of allocating a finite amount of 
heat exchanger area between the hot and cold ends of the 
refrigeration plant models with heat-transfer irreversibil¬ 
ities. Radcenco et al. [202] carried out an optimization study 
for the intermittent operation of a defrosting vapour- 
compression-cycle refrigerator with respect to the frequency 
of on/off operation, and the way in which the supply of heat 
exchanger surface area is divided between evaporator and 
condenser. 

The philosophy adopted by Curzon-Ahlborn [8] to 
maximize the power output of an endoreversible heat engine 
was extended by Agrawal and Menon [203] to optimize the 
cooling rate of an endoreversible refrigerator having a 
constant piston speed and it was noticed that the 
corresponding COP matched that of dry-air based refriger¬ 
ators. Agrawal and Menon [204] also investigated the 
effects of the thermal gain through wall and the product 
loads on the overall COP and the cooling rate of a 
refrigerator based on an endoreversible Carnot cycle. 

Grazzini [205] studied endoreversible Carnot refriger¬ 
ator cycles with internal irreversibility and obtained the 
maximum COP and maximum exergetic efficiency as a 
function of the temperature difference between the cycle’s 
hottest isotherm and the hot sink and also as a function of 
thermal conductivity. 

Ait-Ali [206] analyzed endoreversible refrigeration 
cycles to optimize the maximum cooling load for refriger¬ 
ators and the maximum heating load for heat pumps with a 
specified operating temperature range for the working fluid 
and a fixed total thermal conductance for the condenser and 
evaporator. He considered these two constraints to provide 
boundedness. He concluded that the optimum ratio of 
condenser to evaporator conductances is always greater than 
unity and smaller than the ratio of condenser to evaporator 
heat loads. 

Wu [207,208] considered an endoreversible Carnot 
refrigerator to maximize the specific cooling load, which 
is the cooling load per unit area of both heat exchangers, 
with respect to the working fluid temperatures and further 
analyzed the relationship between the coefficient of 
performance (COP) and the cooling load, respectively. 

Chiou et al. [209] performed an analysis to investigate 
the optimal cooling load of an endoreversible Carnot 
refrigeration cycle considering real heat exchangers which 
have finite size heat-transfer areas and heat-transfer 
effectiveness therefore having finite thermal capacitance 
rates. They calculated the optimal rate of refrigeration and 
expressed in terms of COP, the time ratio of refrigeration 
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cycle to heat-transfer processes, and the effectiveness of the 
heat exchangers. 

Chen et al. [210] compared the optimization perform¬ 
ance expressions of endoreversible forward and reversed 
Carnot cycles, i.e. heat engines and refrigerators-heat 
pumps, respectively, and analyzed the inherent connection 
between these expressions. 

Ait-Ali [211] studied a Carnot-like irreversible refriger¬ 
ation cycle which is modelled with two isothermal and two 
non-adiabatic processes. The source of internal irreversi¬ 
bility is characterized by a general irreversibility term which 
could include any heat leaks into the expansion valve, the 
evaporator and compressor cold volumes. Although a 
minimum refrigeration power objective would be more 
appropriate for refrigeration cycles, he optimized this cycle 
for maximum refrigeration power, maximum refrigeration 
load and maximum COP with respect to the cold refrigerant 
temperature considering the maximum refrigeration power 
is reached at nearly the same refrigeration temperature at 
which maximum refrigeration load is achieved. He 
concluded that the distinguishing feature of this internally 
irreversible refrigeration cycle is that it achieves a 
maximum value for its COP, which the endoreversible 
cycle does not. Ait-Ali [212] also investigated the maximum 
COP of internally irreversible heat pumps and refrigerators 
in order to obtain analytical expressions for the optimum 
performance parameters in terms of a cycle-irreversibility 
parameter similar to the one defined in Eq. (25), the thermal 
capacitance ratio and the temperature ratio. He showed that 
the effect of internal irreversibility is to decrease the 
condensation temperature and increase the evaporation 
temperature simultaneously in the heat pump mode, which 
leads to a lower COP and lower heating temperatures. In the 
refrigerator mode, the COP also decreases with respect to 
the cycle-irreversibility parameter but under the effect of 
increasing condensation temperatures and decreasing evap¬ 
oration temperatures of the refrigerant. Salah El-Din [213] 
examined similar models of refrigerators and heat pumps as 
in Ref. [212] considering the constraints of fixed total 
thermal conductance and fixed total heat-transfer area. He 
concluded that the thermal conductance at the high 
temperature end must be greater than that of at the low 
temperature end when the total thermal conductance is 
fixed, and that the heat-transfer area at hot end must be 
increased when the internal irreversibilities are increased 
and the total heat-transfer area is fixed. He also concluded 
that the total heat-transfer area must be divided by the same 
ratio between the two ends of both the refrigerator and the 
heat pump. Additionally, he expressed that an optimal 
temperature ratio across the inner compartment of a 
refrigerator or a heat pump cannot be observed. 

Chen [214] developed a general description for a class of 
irreversible refrigerators considering heat leaks between the 
heat reservoirs, and internal dissipations of the refrigerator, 
which were taken into account by using a cycle-irreversi¬ 
bility parameter in order to obtain the maximum COP and 


the COP versus cooling rate characteristics of such 
refrigerators. Cheng and Chen [215] applied a similar 
procedure to determine the maximum COP and correspond¬ 
ing heating load of the heat pump with the similar types of 
irreversibilities considered in Ref. [214], 

Chen et al. [216] examined the influence of internal heat 
leak on the optimal performance of an endoreversible 
refrigerator through establishing a relationship between 
optimal cooling load and COP following Bejan's pioneering 
work [198]. Chen et al. [217] studied a class of Carnot 
refrigeration cycles with external heat resistance, heat 
leakage and finite thermal capacity reservoirs. They 
demonstrated the importance of finite size and finite thermal 
capacity of the heat reservoirs and the heat leakage upon the 
maximum COP, maximum cooling load and the nature of 
the optimum cycle for real refrigeration plants. Chen et al. 
[218] generalized the classical endoreversible Carnot 
refrigeration model incorporating irreversibilities due to 
heat leakage, friction, turbulence, etc. which are character¬ 
ized by a constant parameter and a constant coefficient and 
derived the relationship between the COP and the cooling 
capacity. 

Davis and Wu [219,220] considered an endoreversible 
heat-engine-driven heat-pump which is shown in Figs. 21 
and 22 and an endoreversible heat-engine-driven air- 
conditioning system receiving heat from a geothermal 
source, respectively. The environment was used as the 
heat sink for the heat engine and as the heat source for the 
heat pump. To analyse such an endoreversible heat-engine- 
driven systems, a Rankine heat engine and a Carnot heat 



Fig. 21. Schematic of a geothermal heat-engine-driven heat pump 
[217,218], 
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Fig. 22. Endoreversible geothermal heat-engine driven heat pump. 


pump or air-conditioner cycle were used. They calculated 
the COP for both the completely reversible and the 
endoreversible systems and found that the COP of the latter 
is lower than that of the former. 


5.2. Cascaded refrigeration and heat-pump systems 


endoreversible two-stage refrigeration cycle. Chen [227, 
228] investigated the performance of a two-stage and an n- 
stage cascaded refrigeration system analyzing the influence 
of multi-irreversibilities, such as finite rate heat-transfer, 
heat leak between the heat reservoirs and internal dissipa¬ 
tion of the working fluid. He determined the maximum COP 
and the corresponding optimal working fluid temperatures, 
optimal distribution of heat-transfer areas and the power 
input of the refrigeration system for each case. Goktun [229] 
obtained an improved equation for the COP of an 
irreversible two-stage (binary working fluid) refrigeration 
cycle. Kaushik et al. [230] performed an analysis of 
irreversible cascaded refrigeration and heat pump cycles 
to derive a general expression for the optimum COP at 
minimum power input and given cooling/heating load 
conditions, respectively, considering the source/sink ther¬ 
mal reservoirs of finite thermal capacitance. 


Chen and Yan [221] derived the optimal configuration 
for the cascaded refrigeration cycle formed by two 
endoreversible piston type refrigeration cycles without any 
intermediate reservoirs to asses the effect of finite rate heat- 
transfer on the performance. The results obtained in this 
work have shown that some of the optimum performances of 
a two-stage endoreversible cascaded refrigeration cycle are 
not identical with those of a single-stage endoreversible 
refrigeration cycle, e.g. given by Yan and Chen [196]. 

Chen et al. [222] derived a fundamental relation between 
optimal specific rate of refrigeration, i.e. the average rate of 
refrigeration per unit total heat-transfer surface area, and 
COP of an endoreversible two-stage refrigeration cycle 
without intermediate reservoirs for both a piston type 
(sequential processes) model and a steady flow (simul¬ 
taneous processes) model. They concluded that, for the 
single endoreversible cycle, the optimum performance is the 
same for both models. However, for the cascaded cycles, 
there are changes for two models mentioned above and in 
the overall effective heat-transfer coefficients for cycles with 
or without intermediate reservoir. Chen et al. [223] 
modelled an n-stage cascaded endoreversible heat pump 
system to derive the relation between the optimal COP and 
the specific heating load and optimized the temperatures of 
the working fluid in the isothermal processes and the heat- 
transfer areas of the heat exchangers. Chen and Wu [224] 
performed a similar analysis to derive the relation between 
heating load and COP for cascaded heat pump cycles 
without any intermediate reservoirs. 

Chen and Wu [225] modelled a two-stage and an n-stage 
cascaded endoreversible refrigeration systems, respectively. 
They derived the relation between the optimal COP and the 
specific cooling rate for this system, and optimized the 
primary performance parameters of this cascaded system, 
such as the temperatures of the working fluid in the 
isothermal processes and the heat-transfer areas of the heat 
exchangers. Chen et al. [226] examined the influence of a 
bypass heat leak on the optimum performance of an 


5.3. Gas and magnetic refrigeration and gas heat pump 
systems 

The adiabatic expansion of gases can be used to produce 
a refrigeration effect. In the simplest form, this is 
accomplished by reversing the Brayton power cycle which 
is shown in Fig. 23. Although the Brayton refrigeration 
cycle with ideal heat exchangers displays the highest COP, 
it does not provide any cooling load with finite size heat 
exchangers. It only gives an upper bound that is too high to 
reach for any real Brayton refrigerator. Real refrigerators 
deliver a certain amount of cooling load with finite size heat 
exchangers. Therefore, to find a more meaningful bound for 
the characteristics of real refrigeration systems, Wu [231], 
Wu et al. [232] and Chen et al. [233] have examined the 
performance of an endoreversible Brayton refrigeration 
cycle coupled to constant or variable temperature heat 
reservoirs. To extend these works, Chen et al. [234] 
considered an irreversible air refrigeration cycle, coupled 
to constant or variable-temperature thermal reservoirs, 



S 

Fig. 23. Endoreversible JB refrigerator with real heat exchangers. 
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incorporating non-isentropic compression and expansion 
processes in order to make the model more realistic. They 
derived the relations between cooling load and pressure 
ratio and between COP and pressure ratio. The performance 
of irreversible closed regenerated Brayton refrigerator 
cycles with either constant- or variable-temperature thermal 
reservoirs are examined by Chen et al. [235] in a similar way 
to determine the influences of the effectiveness of the 
regenerator as well as the heat exchangers, the efficiencies 
of the expander and the compressor and the temperature 
ratio of the thermal reservoirs on the cooling load and the 
COP. Ni et al. [236] and Chen et al. [237] carried out similar 
analysis of endoreversible and irreversible closed regener¬ 
ated Brayton heat pump cycles, respectively, for similar 
purposes. 

The Stirling refrigeration cycle is constructed by 
reversing the Stirling power cycle. It consists of two 
isothermal and two constant generalized coordinate (poly¬ 
tropic) processes, such as constant volume or isomagnetic 
processes, and its performance is directly dependent on the 
working substance, which may be a gas, a magnetic material 
etc. in the cycle. 

Yan and Chen [238] showed that a class of general 
magnetic refrigeration cycles of paramagnetic salt, which 
includes the Carnot, Stirling, and other magnetic refriger¬ 
ation cycles, possess the conditions of perfect regeneration 
can have the same COP as the Carnot cycle for the same 
temperature range. Chen and Yan [239] derived the COP of 
the Ericsson cycle of paramagnetic salt and deduced that it 
cannot attain the COP of a Carnot refrigerator since it had 
been pointed out that a magnetic Ericsson refrigeration 
cycle of a simple paramagnetic salt cannot possess the 
condition of perfect regeneration by Yan and Chen [240], 
Dai [241] claimed that the magnetic Ericsson refrigeration 
cycles, using the composite working substances, cannot only 
possess the condition of perfect regeneration but also attain 
or approach the COP of the Carnot refrigeration cycle. Yan 
[242] criticized the claims of Dai [241] and pointed out that 
the COP of the magnetic Ericsson cycle may not exceed the 
COP of a reversible Carnot refrigeration cycle for the same 
temperature range. Chen and Yan [243] investigated the 
effect of the irreversibilities due to regenerative losses on the 
performance of a magnetic Ericsson refrigeration cycle and 
calculated the maximum cooling rate. 

The influences of finite-rate heat-transfer and regenera¬ 
tive losses on the performance of an endoreversible and that 
of heat leak on the performance of an irreversible Stirling 
refrigeration cycle considering ideal gas as the working 
substance were investigated by Chen and Yan [244,245] and 
Chen [246]. They derived the relation between the cooling 
rate and COP and obtained the maximum cooling rate and 
the corresponding COP. Petrescu et al. [247] presented an 
optimization analysis of heat engines, refrigerators and heat 
pumps operating on the Stirling cycle considering the 
irreversibilities due to finite-rate heat transfer, pressure 
losses and regeneration effectiveness. The performance 


characteristics of irreversible Ericsson and Stirling heat 
pump cycles were also evaluated by Kaushik et al. [248] 
considering finite thermal capacitance of thermal reservoirs. 

A number of cycles other than Carnot, Brayton, Stirling 
and Ericsson cycles have been proposed and devices built 
that operate on these cycles. One of such cycles is the Rallis 
cycle which is a combination of the Stirling and the Ericsson 
cycles. It consists of two isothermal processes separated by 
two regenerative processes which are partly constant 
volume and partly constant pressure in any given combi¬ 
nation. An optimum performance analysis of an endorever¬ 
sible Rallis cycle was carried out by Wu [249] to obtain the 
maximum power of the Rallis heat engine, maximum 
heating load of the Rallis heat pump and maximum cooling 
load of the Rallis refrigerator. 

5.4. Three/four-heat-reservoir refrigeration and heat-pump 
systems 

An absorption refrigeration system (equivalent to three- 
heat-reservoir refrigeration system) or an absorption heat 
pump system (equivalent to three-heat-reservoir heat pump 
system) affected by the irreversibility of finite rate heat 
transfer may be modelled as a combined cycle which 
consists of an endoreversible heat engine and an endor¬ 
eversible refrigerator or an endoreversible heat pump. A 
single-stage absorption refrigerator or heat pump consists 
primarily of a generator, an absorber, a condenser and an 
evaporator. It normally transfers heat between three 
temperature levels, but very often among four temperature 
levels which is shown in Fig. 24. An equivalent four 
temperature level combined refrigeration system is also 
shown in Fig. 25. In these figures, Q H is the heat-transfer 
rate from the heat source at temperature T H to the generator, 
Q l is the heat-transfer rate (cooling load) from the cooled 
space at temperature T L and Q a and Q c are the heat-transfer 
rates from the absorber and condenser to the heat sink at 
temperature T a , respectively. T l ,T 2 ,T 3 and T 4 are the 
temperatures of the working fluid in the generator, absorber, 
condenser and evaporator, W is the power output of the heat 
engine which is the power input for the refrigerator. 

Yan and Chen [250] and Chen and Yan [251] used the 
optimal theory of endoreversible two-heat-reservoir 
refrigerators and heat pumps to investigate the effect of 
finite rate heat-transfer on the performance of three-heat- 
source refrigerators and heat pumps, respectively. They 
determined the relation between the COP and the cooling 
load (rate of refrigeration), Q L then the optimal COP and 
corresponding (2 Lmax in refrigerators, and the relation 
between the COP and the heating load then the optimal 
COP and corresponding maximum heating load in heat 
pumps, respectively. 

Wu [252] investigated the maximum cooling load of an 
endoreversible heat-engine-driven refrigerator model by 
assuming that the heat sinks of the heat engine and the 
refrigerator are at the same temperature. Also, Davis and 
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Fig. 24. Absorption refrigeration system. 

Wu [253] performed an analysis for an endoreversible heat- 
engine-driven heat pump system utilizing low grade thermal 
energy. Finite-time performance analyses of irreversible 
heat-engine-driven heat pump systems have also been 
conducted by D’Accadia et al. [254,255]. 

Chen [256] considered an endoreversible absorption- 
refrigeration system which is modelled as a combined cycle 
of a heat engine and a refrigerator as shown in Fig. 25. Fie 
optimized the COP of the combined system with respect to 

_ Tn, 



Fig. 25. Equivalent cycle of an absorption refrigeration system. 


heat-transfer area, the specific cooling load with respect to 
COP of the system, and also obtained corresponding optimal 
distribution of heat exchanger areas and the optimal 
working fluid temperatures. Chen and Andresen [257] 
carried out a similar analysis for an endoreversible 
absorption-heat pump. Chen and Schouten [258] established 
a general irreversible absorption-refrigeration cycle model 
which includes finite-rate heat transfer between the working 
fluid and the external heat reservoirs, heat leak from the heat 
sink to the cooled space, and irreversibilities due to the 
internal dissipations of the working fluid and used this 
model to calculate the maximum COP and cooling rate of 
the combined system for a given total heat-transfer area of 
the heat exchangers. The corresponding optimal tempera¬ 
tures of the working fluid and the optimal distribution of the 
heat-transfer areas are obtained. Additionally, the behaviour 
of the dimensionless specific cooling rate as a function of 
the COP is presented which is shown in Fig. 26. Chen [259, 
260] also reported similar performance characteristics of an 
irreversible absorption-refrigeration system at maximum 
specific cooling load and an irreversible absorption-heat 
pump system operating among four temperature levels, 
respectively. 

Wijeysundera [261] performed a parametric study to 
obtain the maximum cooling capacity, corresponding COP 
and the second law efficiency of an endoreversible 
absorption refrigerator cycle with three-heat reservoirs. 
Goktun [262,263] carried out similar performance ana¬ 
lyses to determine the influence of finite-time heat transfer 
between the heat sources and the working fluid together 
with the working fluid dissipation on the optimal 
performance of an irreversible absorption-refrigeration 
system and an irreversible absorption-heat pump system 
operating among three temperature levels, respectively. 
Bhardwaj et al. [264] performed a finite time optimization 
analysis of an endoreversible and irreversible vapour 
absorption refrigeration system to determine the optimal 
bounds for COP and working fluid temperatures of the 
absorption system at the maximum cooling capacity 
considering the thermal reservoirs of finite thermal 
capacitance. 



Fig. 26. The dimensionless specific cooling rate (specific cooling 
load) versus COP [258]. 
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Fig. 27. Schematic of an irreversible combined vapour-compression 
heat pump [265]. 



Goktun and Yavuz [265] put forward a model of an 
irreversible heat-pumping cycle formed by two irreversible 
cascaded Carnot heat-pumping cycles with two heat 
reservoirs, which is shown in Fig. 27, and also described a 
model of an irreversible combined heat-pumping cycle 
formed by an irreversible vapour compression heat pump 
and an irreversible absorption heat pump in series with three 
heat reservoirs to obtain the COP of the system. Their 
performance results showed that the cascaded vapour 
compression heat-pumping cycle is more effective than 
the combined vapour compression-absorption cycle regard¬ 
less of its greater energy consumption. 

In the refrigeration systems area, the models have either 
power input, as analyzed in heat-engine driven refrigeration 
systems mentioned above, or heat input and heat rejection to 
the ambient. A heat-driven refrigeration plant is a 
refrigerator, which is driven by a heat source without 
work input. These plants use lowgrade heat (e.g. solar) or 
waste heat as the driving heat transfer. Examples of such 
plants are absorption refrigerators and jet ejector refriger¬ 
ators. Bejan et al. [266] presented the thermodynamic 
optimization of heat-driven refrigeration plants. Their work 
based on a model that accounted for the irreversibility of the 
plant and the finiteness of the heat exchanger inventory 
(total thermal conductance). They determined the operating 
regime for maximum refrigeration effect, which requires 
that the thermal conductance be allocated in a certain way 
among the heat exchangers, and how the optimal perform¬ 
ance is affected by the extreme temperature levels of the 
refrigeration plant. 

Research into heat-driven refrigeration and heat pump 
systems with solar energy as heat input have been conducted 
by Chen [267-269], Lin and Yan [270,271] and Wu et al. 
[272], the other solar-driven combined systems by Goktun 
and Ozkaynak [273], Goktun and Yavuz [274] and Goktun 
[275] and also heat-engine-driven combined systems by 


Goktun [276] for space cooling and heating to investigate 
their optimal performances. 

An absorption heat transformer is the second type of 
absorption heat pumps, in which the temperature of the heat 
source is lower than the temperature of the heated space. It 
may be described by a three-heat-reservoir cycle, which 
consists of three isothermal and three adiabatic processes. 
Chen [277] used an equivalent combined cycle model of an 
endoreversible absorption heat transformer, consisting of an 
endoreversible Carnot heat pump driven by an endorever¬ 
sible Carnot heat engine and, to investigate the effect of 
finite-rate heat transfer on the performance of an absorption 
heat transformer. He obtained the maximum specific heating 
load and the corresponding COP of this combined cycle heat 
transformer. Chen [278] also established a general irrevers¬ 
ible cycle model which includes finite-rate heat transfer, 
heat leak, and other irreversibilities due to the internal 
dissipation of the working fluid and analyzed the optimal 
performance of an irreversible heat transformer. Chen and 
Yan [279] investigated the ecological performance of a class 
of irreversible absorption heat transformers by employing 
an ecological optimization criterion proposed by Angulo- 
Brown [85], 

To increase the availability of energy resources and 
decrease the environmental pollution of high-temperature 
waste heat, cogeneration cycles are becoming more 
important. Therefore, many authors have paid great 
attention to the theoretical analysis and their applications 
of cogeneration systems. Some useful performance par¬ 
ameters for a cogeneration system have been presented by 
Huang [280] and Goktun [281,282] obtained improved 
equations for the COP of an irreversible cogeneration 
refrigerator and heat pump cycles. Goktun [283] and Goktun 
and Ozkaynak [284] also investigated the overall system 
COP for a solar-powered cogeneration system. 

Considering the binary fluid cascaded system normally 
cannot furnish cryogenic temperatures, Goktun and Yavuz 
[285] carried out a theoretical investigation to determine 
COP of the irreversible cascaded cryogenic refrigeration 
cycles. In their work, they introduced a model formed by 
four irreversible vapour compression refrigerator cycles in 
series and, a closed cycle solar driven irreversible combined 
refrigeration and power gas turbine plant using helium as the 
working fluid. They showed that the performances of the 
two cycles are almost the same for the same cooling load 
and cryogenic temperature, however the vapour com¬ 
pression refrigeration cycle in series displays a disadvantage 
front the energy consumption point of view. 

Wu [286] has also investigated the effects of finite-rate of 
heat transfer on the performance of endoreversible refriger¬ 
ators. Some other researchers, including Gordon [287] and 
Bejan [288] have also assessed the effects of finite-rate heat- 
transfer irreversibility together with other major irreversi¬ 
bilities such as heat leaks, dissipative processes inside 
working fluid, etc. 
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6. Finite-time thermoeconomic optimization 


Finite-time thermoeconomic optimization is a further 
step in performance analysis of thermal systems based on 
FTT to include their economic analyses. The studies in the 
literature on FTT thermoeconomic optimization is quite 
limited and research on this topic is still in progress. 

De Vos [289] introduced a thermoeconomics analysis 
of the Novikov plant considering the power output W per 
unit running cost of the plant exploitation C as an 
objective function. In his study, he assumed that the 
running cost of the plant consists of two parts: a capital 
cost that is proportional to the investment and, therefore, 
to the size of the plant and a fuel cost that is proportional 
to the fuel consumption, and, therefore, to the heat input 
rate Q. Assuming that <2max is an appropriate measure for 
the size of the plant, the running cost of the plant 
exploitation is defined as 

c = flgmax + bQ, (56) 

where a and b are the weight coefficients and 
Q = a(T H - r w ), (57) 


Grnax = «0r H - TO. (58) 

Then, the objective function can be expressed as 
W 

“=c- (59) 

where 

w=a(i- ^)(r H -r L ). (60) 


considered an endoreversible heat engine as shown in Fig. 
2. By the aid of the first and second law of thermodynamics, 
he obtained the relationships for the working fluid 
temperatures, the heat input rate and the power output as 
follows 



QfiU ~ y)Tq + <*l?l 1 [/ ” 

“h(1 “ V) + “l(1 “ V~) n \ 


T c = 



- T?)"^ + a L (l ~ r,T- l Tl 
“H + “l(1 - v)"-' 



Qh = «H«L 


(1 - yYTb - Tl 

« h (1 “ V) + « l (1 - i ?)' 1 


lV = 


1?[(1 - V)"T'A - 7j"] 

auOt\ - 

H % H (1 - r,)+a L (l - t i) n 


(64) 

(65) 

( 66 ) 
(67) 


where a n and a L are thermal conductances of heat 
exchangers for hot and cold sides and the exponent n is 
related to the heat-transfer mode. Depending on <2h( 1 7) an d 
W(rf) characteristic curves for an endoreversible engine as 
shown in Fig. 28, it can be deduced that the engine works 
as a refrigerator when rj < 0 , as a heat engine when 0 < 
T 7 < T 7 C and as a heat pump when tj c < tj. For the special 
case solved by Curzon-Ahlbom [ 8 ], i.e. n — 1, De Vos 
showed that 17 = i 7 CNCA . 

De Vos [290] also presented a model of an endorever¬ 
sible economic engine as shown in Fig. 29 with two 
economic reservoirs one at the high worth V\ and one at the 
low worth V 2 instead of heat reservoir temperatures, two 
goods flow rates and N 2 instead of heat fluxes, tax flow 
rates lV ecn instead of power output in a heat engine. VN is 
also defined as the price flow rates in this economic engine 


Substituting Eqs. (57), (58) and (60) into Eq. (59) 
yields 

1 (r w - r L )(r H - r w ) 

co = -, (61) 

a r w CT H - TO + r(T H -T w )’ 


where r is the dimensionless ratio of b/a. The optimization 
of the objective function in Eq. ( 6 ) by 9&)/3T w = 0 gives 
the optimum working fluid temperature 


Tw — s/ThTi 


x/TT7(7h - TO ~ rjTnh, 
T h - (1 + r)T L 


(62) 


and corresponding optimal efficiency as 


Tl _ , _ T h -(1 + r)T L 

Tw V x/TT ~r(T H - TO ~ rjTWTi ' 


(63) 


De Vos [289] showed that the optimal efficiency Tj opt 
depends on the economical parameter r. He also de¬ 
monstrated that the optimal thermal efficiency lies bet¬ 
ween the mp and the Carnot efficiencies for 0 < r < 00 , 
i e- i? mp < ifopt < Vc- 

De Vos [290] developed an analogous model to the 
Curzon-Ahlborn scheme for economic processes. He 



Fig. 28. Heat consumption-efficiency and work-efficiency charac¬ 
teristics of an endoreversible engine [290], 
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Fig. 29. Endoreversible economic engine model [290]. 


model. In order to determine the properties of this model he 
implemented two assumed economical laws equivalent to 
the two laws of thermodynamics. These assumptions are the 
conservation of matter 

N x = N 2 ( 68 ) 

and the conservation of money 


Vjtfl = We Cn + V A N 2 . 

He introduced the tax rate 


(69) 


V ~ 


w 

rr p.r 


v a n. 


to yield 



(70) 


(71) 


He also introduced constitutive laws for the commercial 
conductors 


N x = giCVf 1 - V? 1 ), (72) 

N 2 = g 2 (vf - vf), (73) 

where g\ and g 2 are the economical market conductances. 
The exponents n t and n 2 in Eqs. (72) and (73) are closely 


related to the elasticity of demand and supply, 
respectively. 

For the special case of equal elasticities, i.e. n, = n 2 = n, 
and considering the conservation of matter N x = N 2 , Eqs. 
(71 )-(73) yield 


V 3 


(1 + v)\ 


gtVf + gzVI 1 1/H 

gl(l + V)' 1 + g2 \ 


(74) 


V t 


giV'i+giV" ] 

gl(l + 17 )" + go \ 


(75) 


Substituting Eq. (75) into Eq. (73) and Ni = N 2 = IV 
gives 


N= g\g 2 


V’{ ~ (1 + 77 )” V? 
gl(l + ^)" + g2 


(76) 


and multiplication of Eq. (76) by 17 V 4 yields 


W 


= glg2V 


[Vf 


(I + yrvnigiV" + giV^] 1 " 1 

[gtd +vr+g2r ,n 


(77) 


Depending on the material consumption iV(rj) and the 
revenue rate W(r]) characteristic curves for an endoreversible 
economic engine as shown in Fig. 30, it can also be deduced 
that the engine subsidizes consumption when 77 < 0 , works 
as a true market engine when 0 < 17 < 17 c an d subsidizes 
restitution when r] c < r\. 

His analysis revealed an analogy between economics and 
thermodynamics where indirect tax revenue in economics 
plays the same role as work produced by a heat engine in 
thermodynamics. 

Bera and Bandyopadhyay [291] studied the effect of 
combustion on the thermoeconomic performance of the 




Fig. 30. Material consumption and revenue rate characteristics of an 
endoreversible economic engine [290], 
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endoreversible Otto and JB engines. In their work, the 
operating cost is used as an objective function for 
optimization. The operating cost of the engines is 


A = m a c a T f 


L?i 


83 + S(g2 + g 3 )](f?Tmax f |nin 1 

(Tf — T max )8 + T m in 


(78) 


where T max and T min are the limiting temperatures in the 
cycle and T f is the adiabatic flame temperature. 8 is the ratio 
of compressor inlet to outlet temperatures and g l , g 2 and g 3 
are the economical parameters which depend on the fuel 
cost, cooling utility cost and power selling price, respect¬ 
ively. The optimum value of 6 that minimizes A is 

^opt 



x V7>[CT f T max )(g 3 gl)/(g2+g3)+7minl \/T m:lx T min 

(Tf — Tmax) 


(79) 


They concluded that the efficiency of the heat engine at 
its minimum operating cost is always higher than the 
efficiency corresponding to the mp condition. As T f 
approaches oo or T max , the corresponding efficiency 
becomes 


1 V[fe <?1)7'min]/[te+^3)7’max] 
and 


0.5t7c+ 0.5 (g 3 gi)/(g2+ft)> 

respectively. Bandyopadhyay et al. [292] applied the 
thermoeconomical method introduced in Bera and Bandyo¬ 
padhyay [291] for Otto and JB heat engines to a cascaded 
power cycle to determine the thermoeconomic performance. 
They observed that the efficiency of a multi-stage 
endoreversible cascaded cycle power plant corresponding 
to maximum power production or minimum operating cost 
is identical to that of a single endoreversible heat engine 
under the same operating conditions. 

Wu et al. [293] carried out an exergoeconomic analysis 
for an endoreversible heat engine model based on general 
heat-transfer law, Q oc A (T"). The profit obtained from the 
heat engine, which is defined as the difference between the 
revenue and the cost per unit time, is used as an objective 
function for optimization. They obtained the optimal profit 
and efficiency characteristics and the relation for the 


out a finite-time exergoeconomic performance analysis for 
an endoreversible Carnot heat pump similar to their earlier 
work [293]. 

De Vos [295] demonstrated how endoreversible models 
can be applied to economic systems. He investigated 
whether extensive properties (such as energy, mass and 
entropy, etc.) and intensive properties (such as pressure, 
temperature and chemical potential, etc.) in physics have 
counterparts in economics. He described various endor¬ 
eversible engines such as endoreversible engines in 
thermodynamics and endoreversible engines in economics. 
The endoreversible heat engine and the endoreversible 
chemical engine are discussed in detail and it is shown that 
their counterparts in economics are the endoreversible social 
engine and the endoreversible commercial engine, 
respectively. 

Sahin and Kodal [296] introduced a new thermoeco¬ 
nomic performance analysis based on an objective 
function defined as the power output per unit total cost. 
Using this new criterion, they performed finite time 
thermoeconomic performance optimization for endorever¬ 
sible [296] and irreversible [297] heat engines. In their 
study, fuel and investment cost items, having the major 
effect on the performance and design parameters, are 
considered for thermoeconomic optimization. They 
assumed that the investment cost of the plant is 
proportional to the total heat-transfer area and, the fuel 
consumption cost is proportional to the heat-transfer rate 
to the plant. In this context, the function to be optimized 
is defined as 


1 • t \ U U ) 

a (^H + ^l) + bQii 

where the proportionality coefficient for the investment 
cost, a is equal to the capital recovery factor times 
investment cost per unit heat-transfer area and the 
coefficient, b is equal to the annual operation hours 
times price per unit heat-transfer rate to the plant. Using 
the first and second laws of thermodynamics, the objective 
functions for endoreversible and irreversible heat engines 
are obtained as a function of working fluid temperatures 
and given, respectively, as follows 

bp_ _ 7w ~ 7c _ 

k\ -^-+- - - l+r w 

IU h (T h -T w ) U l (T c -T l )\ 


1 W K1 C 

,\ T w , RT C 1 , r, , (?H ~ T l )CAU h Ah) ^ 
1 u H (T H - 7V) + u l (t c - T L ) \ + L t h - r w J w 


(82) 


maximum profit at the corresponding efficiency range for 
three common heat-transfer laws, i.e. Newton’s law, a linear 
phenomenological law in irreversible thermodynamics and 
the radiation heat-transfer law. Wu et al. [294] also carried 


where R is the internal irreversibility parameter, 
C\/(I/ H A H ) is the heat leakage parameter and k=a/b is 
the economical parameter. They obtained the optimal 
working fluid temperatures and optimal heat-transfer area 
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Fig. 31. Variation of the objective function for the endoreversible 
heat engine with respect to 17 for various / = hi (a + h) values and 
the specified data set given in Ref. [296], 


distributions to maximize the objective functions given in 
Eqs. (81) and (82) for endoreversible and irreversible 
cases, respectively. Thermoeconomic characteristic curves 
are given in Figs. 31 and 32 for endoreversible case and in 
Figs. 33 and 34 for irreversible case. 

Antar and Zubair [298] performed a finite-time thermo¬ 
economic analysis of an endoreversible heat engine, which 
is shown in Fig. 2, considering the total cost per unit power 
output as an objective function. They expressed the total 
cost of conductance, r in terms of unit cost parameters as 

r= Ch((/A) h + <r L (tM) L , (83) 



/ 



Fig. 33. Variation of the objective function for the irreversible heat 
engine with respect to rj for various / = hi (a + b) values and the 
specified data set given in Ref. [297], 

where £ H and £ H are the unit conductance costs at hot and 
cold end heat exchangers, respectively. By the aid of the first 
and second laws of thermodynamics, they obtained 


F = 


r 


w/t h 


£l ( G 

1 — <A \ 1 — A 


+ 


ipx~ T) 


(84) 


where the dimensionless absolute temperature ratios t/t, \ 
and t are defined previously and G is defined as the ratio of 
the unit costs of the conductances of the hot side to the cold 
side of a power plant, G = £ H /f L . 

The dimensionless cost ratio F is minimized with 
respect to the temperature ratios of \ and </'• Optimum 
values of the absolute temperature values are obtained and 



Fig. 32. Variation of the optimum thermal efficiency with respect to Fig. 34. Comparisons of the thermal efficiencies with respect to/ for 

/for the specified data set given in Ref. [296], the specified data set given in Ref. [297], 
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the influences of G and i// on the thermoeconomic 
performance are discussed. 

Bejan et al. [266] also defined an objective function for 
the profit of a heat-driven refrigeration plant 

P = PlQl~PhQh- (85) 


Here,p L andp H are the known prices of the refrigeration 
load and the heat input. They obtained numerically the 
optimal distribution of the total thermal conductance 
inventory UA to maximize the profit P. They showed that 
the condenser demands half of the total thermal conduc¬ 
tance, regardless of the price ratio p H /p L . and the external 
temperature ratios. 

Sahin and Kodal [299] introduced a new finite-time 
thermoeconomic performance criterion, defined as the 
cooling load of the refrigerator and the heating load of the 
heat pumps per unit total cost, which is the sum of the annual 
investment cost C\ and the energy consumption cost C e . 
They investigated the economic design conditions based on 
this thermoeconomic performance criterion for endorever- 
sible [299] and irreversible [300] single-stage vapour 
compression refrigeration and heat pump systems. The 
objective functions for endoreversible refrigeration and heat 
pump systems are defined, respectively, as 


F r ,,f — 


Ql 


Fhp — 


C; + C e 
Qh 

C; + C e 


( 86 ) 

(87) 


where the annual investment cost and the annual energy 
consumption cost of the system are written as 


Cj — n(A H + A l ) + by W 


= fl(A H +A L ) + fc 1 (G H -GL). (88) 

C e = b 2 W = b 2 (Q H - <2 l ). (89) 


Here, the proportionality coefficients for the investment 
cost of the heat exchangers, a, is equal to the capital 
recovery factor times investment cost per unit heat-transfer 
area, for the investment cost of the compressor and its 
driver, b t , is equal to the capital recovery factor times 
investment cost per unit power and the coefficient b 2 is equal 
to the annual operation hours times price per unit energy. 
They considered the investment costs of the main system 
components, which are the heat exchangers and the 
compressor together with its prime mover for the investment 
costs. The investment cost of the heat exchangers is assumed 
to be proportional to the total heat-transfer area. The 
investment cost of the compressor and its driver and, the 
energy consumption cost are assumed to be proportional to 
the compression capacity or the power input. 

The variations of the objective functions with respect to 
COP for various k = a/(b l + b 2 ) are shown in Figs. 35 
and 36 for endoreversible and irreversible refrigerator and 
heat pump systems, respectively. 

The finite-time thermoeconomic optimization technique 
introduced by Sahin and Kodal [299] has been extended to 
two-stage vapour compression and absorption refrigeration 
and heat pump systems [301-305], In these works and also 
in Refs. [299,300], the optimum temperatures of the 
working fluids, optimum COP, optimum specific cooling 
or heating load and the optimal distribution of heat 
exchanger areas are determined in terms of technical and 
economical parameters. 

Chen and Wu [306] carried out a thermoeconomic 
performance analysis of a multi-stage irreversible 
cascaded heat pump system. The operation of a heat 
pump is viewed as a production process with heat as its 
output. The profit of operating the heat pump system, 
which is taken as an objective function for optimization, 
is defined as 

P = PhQi -p,A+i -pW, (90) 




(b) 


COP, 


hp 


Fig. 35. Variations of the objective function for the endoreversible refrigerator (a) and for the endoreversible heat pump (b) with respect to COP 
for various k values and the specified data set given in Ref. [299]. 
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specified data set given in Ref. [300], 


where Qi = Qh is the heating load of the heat pump, 
Qn+l = Q l is the heat-transfer rate from the cold 
thermal reservoir to the heat pump, W is the total 
power input required by the cascaded heat pump system, 
p H is the price of heat supplied by the heat pump to the 
users, p L is the price of heat absorbed by the heat pump 
from the low temperature thermal reservoir and p is the 
price of work input. They determined the optimal COP, 
heating load and power input at the maximum profit 
together with the optimal distribution of the heat-transfer 
areas or the thermal conductances of the heat exchangers 
and the optimal temperature ratios of the working fluids 
of two adjacent cycles. 

Antar and Zubair [307] applied a similar procedure used 
in Antar and Zubair [298] to investigate the optimum 
allocation of heat-transfer inventory for heat exchangers in a 
refrigeration system with specified power input or cooling 
capacity, and for a heat pump with specified heating 
capacity considering the cost of both heat exchanger 
conductances as an additional design parameter. They 
employed the dimensionless cost ratio F, which is derived 
similar to the one in Eq. (29), as an objective function and 
minimized it with respect to x■ 


7. Final remarks and conclusions 

The Carnot cycle is a completely reversible heat 
engine cycle having the ideal thermal efficiency of 17 = 
1 — T l /T h , which is called the Carnot efficiency. The 
thermal efficiency for any heat engine cycle, operating 
between the fixed temperature limits of T h and T l cannot 
exceed this efficiency. However, the Carnot cycle is not a 
practical power cycle due to two reasons: ( 1 ) the two 
reversible isothermal processes need infinitely long 


execution time to maintain the thermodynamic equili¬ 
brium between the working fluid and the thermal 
reservoirs having finite heat exchanger areas, ( 2 ) the 
Carnot cycle requires infinitely large heat exchanger area 
to transfer a finite amount of heat in finite time. Hence, 
the Carnot cycle, although constituting an upper limit of 
thermal efficiency for heat engines, produces a finite 
amount of work but no power. Therefore, the processes in 
a real heat engine cycle must be executed in finite time to 
produce some power. 

In addition to this, in classical thermodynamic analyses, 
the first law of thermodynamics has been used incorporating 
the concept of conservation of energy under the assumption 
of thermodynamic quasi-equilibrium during processes, 
together with the second law of thermodynamics as an 
additional constraint. A quasi-equilibrium process can be 
viewed as a sufficiently slow process, which allows the 
system to adjust itself internally so that properties in one 
part of the system do not change any faster than those at the 
other parts. However, real processes are non-equilibrium 
processes, and they are approximated by ideal processes in a 
quasi-static manner under the classical thermodynamic 
approach. Therefore, in the analysis of real thermal systems, 
the application of thermodynamic laws in rate form must be 
taken into account, i.e. power instead of work. Following 
this argument, it can be deduced that the duration of any 
process is of primary importance as power is more important 
commodity in daily life than energy. 

Therefore, to provide a new perspective on the 
application of thermodynamics to the analysis of real 
thermal systems, FTT theory has been put forward in 
which the irreversibilities in real thermal systems are 
included in the analysis in a simple way and the 
optimizations are carried out in a straightforward pro¬ 
cedure. From the reviewed studies in this paper, it can be 
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observed that FTT has found a wide area of application 
since 1970s and taken its place in general thermodynamics 
as the classical, the statistical and the non-equilibrium 
thermodynamics. 

Thermodynamic optimization studies have recently been 
extended to focus on the generation of optimal geometric 
form (shape, structure and topology) in flow systems and 
applied to design in both mechanical and civil engineering. 
The optimization of global system performance (e.g. 
minimum flow resistance, minimum irreversibility) subject 
to global finiteness constraints (volume, weight, time) was 
identified as principle for the generation of geometric form 
(shape and structure) in systems with internal flows. The 
geometric structures derived from this principle for 
engineering applications have been named constructural 
designs. The thought that the same principle serves as basis 
for the occurrence of geometric form in natural flow systems 
has been named constructural theory. Recent developments 
on these topics are reviewed in a book by Bejan [308], who 
is the pioneering researcher, and in a review article by Bejan 
and Lorente [309]. 

Some critiques and comments on the fundamental 
concepts and applications of FTT were also provided by 
Gyftopoulos [310,311], Moran [312], Chen et al. [313] and 
on the role and limitations of FTT by Ishida [314], Denton 
[315] provided a critical overview of thermal cycles in 
classical thermodynamics, non-equilibrium thermodyn¬ 
amics and FTT. Bejan [316,317] also pointed out that the 
heat input is assumed to be freely variable during the 
optimization procedure, which is a modelling limitation in 
endoreversible heat engine performance analyses leading to 
the CNCA efficiency. 

The studies on the determination of efficiency at 
maximum power for externally irreversible Carnot heat 
engine cycle may be regarded as the very first works of FTT. 
Many different objective functions, such as thermal 
efficiency, specific power, power density for heat engines, 
cooling load, heating load, coefficient of performance for 
refrigerators and heat pumps, exergy rate, ecological rate, 
economical rate, for the optimization of thermal systems are 
taken into consideration and studied in detail. These 
optimization studies are extended to the other single, 
cascaded and combined heat engine, refrigerator and heat 
pump systems and also to the direct energy conversion 
systems considering irreversibilities due to not only finite- 
rate external heat transfer but also internal irreversibilities 
and heat leakage. 

FTT combines thermodynamics, heat transfer and fluid 
mechanics, and covers an interdisciplinary field of 
research. The particular laws of heat transfer need to be 
used together with the fundamental principles of classical 
thermodynamics and mechanics to consider the irreversi¬ 
bilities in FTT analyses. 

One of the major results of FTT analyses is the 
determination of optimal performance range, e.g. the 
optimal efficiency lies between the maximum efficiency 


and the efficiency at maximum power for an irreversible 
heat engine, T/ mp £ Tj opt £ T/ max which corresponds to 
lV max > lV opt > lV me f £: 0. It should be noted here that 
lV me f = 0 applies to the case with no heat leak and lV me f > 0 
with heat leak (Figs. 8 and 9). This result shows that the 
thermal efficiency at maximum power constitutes the lower 
limit for rational design of thermal systems. As it can be 
concluded from the reviewed studies, the optimal efficien¬ 
cies depending on different performance criterion other than 
the maximum power and efficiency are placed in the same 
efficiency interval. 

There appears to be very limited publications on 
addressing the environmental concerns such as covering 
reduction of thermal pollution and exergy destruction by 
FTT analyses, therefore, new optimization criteria may be 
introduced for the ecological and exergetic performance 
optimization of thermal systems. The fundamental anal¬ 
ysis of rate dependent processes introduced by FTT may 
be extended to the problems in other disciplines through 
analogies, such as chemistry, economics and other social 
field of studies. Finite-time thermoeconomic analysis is 
still in its early stages, in progress and it needs more effort 
in fundamental theory development and for its 
applications. 
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